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PREFACE TO THE FIRST EDITION 


ІНЕ book, аз its name indicates, is meant to be a textbook 
for the Higher Secondary Course of the Council of Higher 
Secondary Education of different states in India. Regarding the 
subject-matter, we have tried to make the exposition clear and 
concise, without going into unnecessary details. A good number 
of examples have been worked out by way of illustrations, and 
examples set have been carefully selected. 


It is hoped that the book will meet the requirements of those 
for whom it is intended and we shall deem our labour amply 
rewarded if the students find the book useful to them. 


Any criticism, correction and suggestion towards improvement 
will be thankfully received. 


Calcutta : } В. 
August, 1976 В. 
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PREFACE TO THE SECOND EDITION 


This edition is practically a reprint of the first edition—only 
a few examples worked out in details in the Examples set to be 
worked out have been deleted here and there and a few examples 
have been added here and there. This edition has been revised 
in accordance with the revised syllabus of the syllabus 
committee. 


Хе thank Prof. Jadunandan Misra M.Sc. of Mahisadal 
Raj College for the revision of the text and Sri Balen Mukherjee 
B.A. for his help in the bringing out the book speedily. 


Our best thanks are'also due to Sri Dwijendranath Dhur 
LL.B. of Messrs U. М. Dhur & Sons (P.) Ltd for his valuable 
help in publishing this edition. 


Our thanks are due to the authorities and staff of Messrs. 
К. Р. Basu Printing Works for efficient and prompt discharge 
of their duties in spite of their various preoccupations. 


Calcutta : } В. С. D. 
October, 1977 В. М. М. 


REVISED SYLLABUS OF TRIGONOMETRY 
(For Classes XI & XII) 


Measure of an angle— Degrees, Radians. "Trigonometrical 
ratios of Compound angles. Multiple and sub-multiple angles, 
Complementary and Supplementary angles. Graphs of Trigono- 
metrical functions. Graphical and general solutions of Trigono- 
metrical equations. Inverse circular functions. Properties of 
triangles. Solution of triangles, 


GREEK LETTERS USED IN THE BOOK 


a (Alpha) в (Béta) Y (Gamma) 
0 (Theta) л (Pai) $ (Phai) 
8 (Delta) A (Delta) y (Psi) 


Measurement of Angles 


Trigonometrical Ratios of Acute Angles Ж ооо 
Trigonometrical Ratios of some Standard 

Angles * ... ... ... 
Easy Problems on Heights апа Distances М Ge 


Trigonometrical Ratios of Angles associated. with 
2 given angle 0 (Complementary & Евр; 


mentary Angles) UU X 
Compound Angles zn 2 5 
Transformation of Products and Sums ee 
Multiple Angles 5n ccu v 


Sub-multiple Angles 
Trigonometrical Identities $ =: 
Trigonometrical Equations and General Values +- 


Inverse Circular Funotions 
Properties of Triangles соз 599 
Graphs of Trigonometrical Functions .. 
Solution of Triangles 
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* For recapitulation $ For inquisitive pupils 


IMPORTANT FORMULA 


| 
І. A radian = 57° 17’ 448" nearly. 
1 degree = 01745 radians nearly. 
2 right angles = 180° = x radians. 
= 81416 approximately. 
Radian measure of an angle at the centre of a circle 


— Subtending атс, 


radius 
П. sin*@+cos*9=1 ; sin 6 _ пе 
вес20=1 + tan?0 ; cos 0 
совес*0 = 1 + соб?0. cos 6 
ЕТЕГІ cot 6, | 
Ш. sin 0-0; cosQ* =1; tan 0° =0, 
ПО Та JB. сег! 
JA Bin 30 а; “бов 30° = 49 ^ 30° = Wi 
v/sin 45? = I cos 45° = 1 8 tan 45? — 1. 
si gos = у i “eos 60° = 1 ; ‘tan 60°= 3. 
sin 90°=1; cos 90°=0; tan 90° = со, 
: o 3- 
HA)  sin15 E ; сов 15° = DR tan 15°=2- ,/3, 
sin 75° = J331 А/8- 


"4/27: 908 15” es 9 Ја 1 tan 75° =2+ ,/8. 
sin 18° —1( ,/5— 1) ; сов 36° = 2( J5 + 1). 


віп 120° -38, сов 190° = - 1. 


sin 180° =0 8 cos 180° = —1; Itan 180°=0, 
sin 270* — ; сов 270°=0; — tan 270° = со, 
sin 860°=0; сов 360°=1 ; 


tan 360* - 0. 


IMPORTANT FORMULZE vii 


IV. sin (= 6)7 = sin 0; cos (— 6) = cos 0 ; tan (- 6) = —tan б. 


sin (90? — 0) = cos 6 ; sin (90? + 8) = cos 0. 

сов (90° — 6) ^ sin 0 ; cos (90? + 0)- —sin 0. 
tan (90° — 6) = cot 0 ; tan (90° + 0) = — cot Ө. 
sin (180° - 0)= sin 0; sin (180° +0) = — sin 0. 


cos(180?—0)— ~ cos 0; соз (180° +0) = — сов 6. 
tan (180?—6)— - бал 0; tan (180°+6) — tan 0. 
У; 


all 
(positive) (positive). 


x! о 


Б | » 


tan сов 
(positive) (positive) | | 
Ye Ч \ id s 
V. sin (4+ В) = віп А cos В+ сов А sin В { сым „е 
sin (А- В) віп А cos В - сов Asin B No We Ж 
ню 


сов (А + В) є cos А cos В- віп А sin В 
сов (А - В) = cos 4 cos B + sin Asin В 
tan А+ fan В 
tan (4+ В) =т= оь А tan В 
_ tan A—tan В 
кар (А-В) | tan A ton B 


tan (A+ В+0) 
| 20 tan А+ вап В + tan C-tan A tan Віво С. 
1- вап В tan C-tan О tan A- tan A tan B 


VI. 2sin 4 cos B=sin (4+ В) sin (4- В) 
9 cos Alsin B = sin (А + B)- sin (А-В) 
9 cos A cos B= cos (A + B) + cos (А-В) 
9 віп A sin B = соз (4 - B)- cos (A+B). 
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УП. sin С віп D=2 sin 0+2 cos 0-р 
sin C—-sin D=2 cos 0+2 sin 2-2 
cos С + cos D=2 cos 2+D cos СР 
cos C — cos D —9 sin 0% віп 2-0. 


VIII. sin 24 —2 sin А сов A 
cos 24 —co8^ A — sin*4 —1— 9 sin? A= 2 сов?4-1 


2 tan А 
ЕЕ 


5 =2tandA . =1-tan?4 
віп ЕЕ YE cos 24 1+tan?4 


1-сов94-9 ERA) 
1+ cos 24=9 cos? А 

24 =l 003 24, 

fan'4 1+ сов 24 
IX. sin 34=3 sin 4-4 віп? А 
сов 84-4 cos* 4 — 3 сов 4 
=3 tan Анди 

РНЕ 

X. sin 079 sin 30 cos 30 

Cos 0 = сов? 49 – sin? 30-2 сов? 20-1=1-9 gin? 19 
--2 tan 40 
бап 0 1-tan* 30 


5 2tan ig | 1- tan? $0 
а, Е 
1-сов 0—9 sin? 30 


1+ сов 0-2 cos? 40 


1-6088 , , 
1+ cos 6 fan” 30. 


IMPORTANT FORMULZE 


XI. If sin 0 —sin a, then 0 - Зпл + (- 1)"а. 
If cos 0 = сов a, then 6 —2nz + a. 
If tan 0 —tan a, then 0 =пл Жа. 
If sin 0-0, or, tan 6-0, 6-тл. 


If cos 0 -0, or, соб 0 — 0, 9- (9+1. 


If sin 971,07 (4m +15; it sin 87 — 1, 6-бт-15: 
If сов0-1,0-9тл; if cos 0— —1, 0 = (2m + 1)л. 
ХИ. sin"! + cos ^! z = iz 
бап ‘2 cot "zz, 


seo !r-Fcosec т = $a 
ictu 


ten !z--tan "y tan" 


Е Ere -1 2- У 
tan `s- tan ус бап TEETU 


L = a E tytz-cyz 
11+ 1/8 1,- i ФТут2г-туг 
tan 2 бал” yttan 'z-—-tan ТЕЕ ас 


sine жвіо зу -sin^* fe /1- y? € y 1- а) 
cos m: cos "y = cos (ту Ж ,/1-23.,/1-у%. 


NINE DEMO Ж, 
хш. віп А sinB 506 xe 


?.c9-g*. 
сов ma я , 
с +а?-Ь°, 


пре а m 
cos B Oca i 


24b- o? 
cos CO Eye: 


ix 
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a=b cos C +c cos В. 
b=ccos А +а cos C. 


, с=асоз В+ “соз A. 


sin4- Ж = = Hs =); Же s- а). 


ton 4 A. Jemen 


s(s— а) 
1 9 54 
sin А = gc v s(s- aXs- BXs—c EL 
sin B -2 у= —a)s- bls- c =?4 
вїп 0 -5 dE cae 
A — bc sin 4-%а sin B ^ 3ab sin 0 
- “(= аз бб В), where B= a+b + om e 


—r 
a 4" с 
m 2sin A 


афс, 
2 sin Bo 2sinO 44° 


тоб 


4В sin 34 sin 1B sin 30` 


= (8-а) tan 34- (s - 2) tan 3B — (s c) tan 10. 
cm 


74R sin 14 сов 3B cos 30 =s tan 14. 


fg 25 48 cos $4 sin ЗВ cos 30 =s tan В, 


"з = 


—¢ 4R cos 44 сов 3B sin 30 -, tan 30, 


—— 


EXPLANATION OF NOTATIONS USED IN THE BOOK 


(i) Let us consider а straight line X'X which ean be 
extended indefinitely in both directions. Hereafter we shall 


—3À 
denote such а straight line by Х'Х, where <> indicates that 
the line can be extended indefinitely in either direction. 


Е ЕН 
X: X 

(ii) Let us now consider a straight line OX which can be 

extended indefinitely in only one direction, namely, in the 

direction of X. The point O is a fixed point on this straight line 

which cannot be extended beyond O in the direction ХО. Such 


a straight line OX will be denoted by ох and will be called 
а ray. 

(54) Let us consider а line segment bounded by the points 
Aand B. We shall denote this segment by AB and the length 
of such в segment by simply АВ or m (AB). 

(iv) Let us consider any angle ДАВС. Its amount will be 
denoted by mZ ABC. 

(v) Area of the triangle АВС will be denoted by AABC or 


m (AABO). 
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MEASUREMENT OF ANGLES | 


CHAPTER I 


14. TRIGONOMETRY, as indicated by its very name, 
originally meant a subject which dealt with the methods of 
measurements of triangles. At present its scope has widened, 
and now it means a subject which deals with the measurements 
relating to any angle, not necessarily an angle of a triangle. 


1'2. Angles in Trigonometry. 


In Geometry, angles are supposed to Бе formed by the 
intersection of two straight lines and are always restricted to lie 
between 0° and 360°, being acute, obtuse or reflex. Moreover, 
they are always positive, negative angles having no meaning. In 
Trigonometry however, the idea of an angle is much more general. 


An angle in Trigonometry is supposed to be formed by the 
revolution of а straight line which starts from an initial position 
coinciding with one arm, and traces out the angle by its revolution 
about one extremity until it reaches the final position coinciding 
with the other arm. 

For instance, the angle XOP 
is formed by the revolution of & 
line which starts from the initial 


position OX, and revolying in 
the anti-clockwise direction, 
traces out the angle XOP which 
is acute. The same line again, 


starting from OX and revolving 
in the anti-clockwise direction R 
may make а complete revolu- 


x 
tion and further move up to the position 09. The angle formed 
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in this case is more than five right angles. Now revolutions may 

be clockwise or anti-clockwise. It is conventional to consider 

angles formed by the anticlockwise revolution of the revolving 

line to be positive. Angles formed by clockwise revolutions of the 

revolving line will then be considered negative angles. For 

example, the angle XOR measured in the clockwise direction 
= 


from the initial position OX is a negative angle. 


Thus, angles in Trigonometry may be of any magnitude and 
may be positive as well as negative. 


= = 
OX being the intial position of the revolving line, produce ХО 


to X’, and let YOY’ be the perpendicular line. The whole plane 
is thus divided into four quadrants, the first being XOY, the 
second YOX', the third X'OY' and the fourth Y'OX. If we 


ut by the revoly- 
mplete revolutions, 
further traced out 
sition of the revolving line is in 
We consider an angle — 1354°, 


the final position of the revolving line is in the first quadrant, 


for — 1854° = ~ 360° x 3 - 974*. 


er by complete 
same, the final 


For example, the angles 255° 


positions of the revolving line same, if both start from the same 
initial position. 


13. Units of measurement of angles, 


We should now define the different 5 


ystems of units used for 
fhe measurement of angles. In defi 


ning & unit, however, а 
€rence to any particular system 
of unit, should form the basis, and such 5 


it, when the two adjacent angles formed 
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suitable basis to start with, in defining the different systems of 
measurement of angles. 


There are three systems of units used in Trigonometry for 
measurement of angles, viz., 
(i) Sexagesimal unit, (ii) Centesimal unit, (iii) Circular unit. 


Sexagesimal* System. In this system, а right angle is 
divided into 90 equal parts, each being called a degree. А degree 
is again divided into 60 sexagesimal minutes, and each minute 18 
further sub-divided into 60 sexagesimal seconds, so that 


1 rt. angle=90° (degrees) 
19 =60' (sexagesimal minutes) 


1^ = 66" (sexagesimal seconds). 


Centesimalt System. In this system, the sub divisions of а 
tight angle are as follows : Й 


1 rt. angle—100* (grades) 
18 221007 (centesimal minutes) 


1У = 100\\ (centesimal seconds). 


Note, ТЕ may be noted that 1' (centesimal minute) is поб the same as 


l'(sexagesimal minute), the former being Ото of в right angle and the 


latter being ТЕ! оға right angle, во that the first is 2 Һ part of the second. 


Similarly, 17 is less than 1”, being only oth part of it. 


The connection between the two systems of units may be 
effected through a right angle, remembering that 1 right angle 
=90°=100", so that 9° = 10°. Any angle in the first system may 
be reduced to degrees, and then multiplied by 20 will be reduced 
to grades. Similarly, an angle in the second system may be 
changed to the first. 

збо called, since the sub-divisions are mostly by sixtieth parts. It is also 
called the Common or the English System. 

+ So called because the sub-divisions are by hundredths, Itis also called 


the French System. 
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We shall presently deal with the third system, namely the 
circular system. 


14. Theorem. Іп all circles, the circumference bears а 
constant ratio to its diameter. 


Take any two circles of any radii, and place them with a 
common centre О. In one, let ABCD... be an inscribed regular 
polygon of » sides. Let 4’, В", 0',... be the points of intersection 
of the radii OA, OB, 00,... with the other circle. It is easily 
seen that 4’B'C’... is also a regular polygon of n sides, inscribed 
in the second circle. Now ОА = ОВ, as also O4' — OB', so that in 
the triangles ОАВ, OA'B', OA: O4 — ОВ: ОВ, and angle О is 
common. The two triangles are 
therefore similar. Hence, 

AB: АВ’=ОА: OA’, 

Thus, 


perimeter of polygon ABCD... 
perimeter of the polygon A'B'O'D' 
-2AB _OA 
"АВ ОА’ 

This being true, whatever the 
number of sides n may be, making 
т infinitely large, the perimeters 

у of the polygons сап be made 
practically coincident with the circumferences of the corres- 
Ponding circles, and thus we deduce that 
circumference of the circle ABCD... _OA 5 
circumference of the circle A'B'C'D'... ОА’ 
% radius of the circle АВО... i 
“" radius of the circle 47807... 
Thus, circumference of any circle : 
all circles. As diameter is twice the т 
circumference of any circle bears a cons 


its radius is the same for 
adius, we deduce that the 
tant ratio to its diameter. 


This constant ratio is denoted by the Greek letter л. Its 
actual value has been determined by methods which are outside 
the scope of the present book, by some mathematicians to more 
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5 


than 500 places of decimals. An approximate value commonly 


used is 22. А more accurate value is тів. 


Expressed in decimal, the value is nearly 314159... 


Hence, if 7 be the radius of a circle, d its diameter, 


the cireumference- rd — 27r, 


where 7—3'14159- 


1'5. Circular Unit or Radian Measure. 


22 roughly. 


‘In any circle, if we take an arc whose length is equal to the 
radius of the circle, the angle which this arc subtends at the 


centre is called а radian, and is written as 1“. 


We shall now show that with reference to whichever circle it 
may be defined, в radian is а constant angle, and hence it may be 
used as a suitable unit for measurement of angles, which is known 


as the circular unit. 


Theorem I. 4 radian is a constant angle. 


Lat AB be ап агс of any circle 
with centre O, whose length is 
equal to its radius OA. By 
definition, т ZAOB=1 radian. 
Since angles at the centre of 
a circle are proportional to the 
arcs which subtend them, and 
the whole angle round O sub- 
tended by the complete circum- 
ference being known from 
Geometry to be 4 right angles, 
we get 


т / АОВ атс АВ 


В 


radius 


4 right angles whole circumference 


circumference 


lradien, T = i т being the radius. 


ten ать Z° gar 


А 9 
Непсе, 1 тайјап= rt. angle. 


D 
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а radian is a constant angle, (я being constant ) 
Note. We thus see that whatever be the radius of the circle with . 
reference to which a radian is defined, its magnitude is the same. 
From above, 7 radians=180°, 
180 180 


бы ol radian= т “814159” 5129577 degrees 
=57° 17' 44:5" nearly, 
7. 1 degree— 0174533 radians nearly. 


In higher mathematics so far as theoretical investigations are 
eoncerned, as a matter of convenience, angles are usually measured 
in the circular unit, Ф.е., in radians. In this connection we may 
state the following theorem, 


Theorem П. The measure of any angle in radians 23 expressed 


by the ratio of the атс of any circle subtend 


ing that angle at its 
centre, to the radius, 


Let XOP be any angle, 


Now from Geometry, angles at the 


Y і centre of а circle are 
proportional to the ares which subtend the 


m. 
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H m / ХОР ато 49 are 40, 
ence. m АОВ атс АВ radius OA 


т / ХОР _ arc AQ , 


9^ “radian radius ОД 
: .. arc AQ 2 
ie, т / ХОР таза Ой оға radian. 


Thus, if0 be the radian-measure of the / ХОР, s be the 
length of the arc АО, and the radius of the circle, then 


8 
б= = ог, в=тӨ. 
г 
Note, In higher mathematics, when af angle is expressed in radian- 


measure, the unit is generally implied and mot expressed, 50 that, when the 
measure of an angle is given without the unit being mentioned, we should 


, 
always understand 16 to be in radians. For example, 'an angle is T means 


that the angle is я radians, which converted to degrees is 90°, i.e., one right 


angle. 


1'6. In working out examples, relations between the three 
systems of units should be carefully remembered, namely 


1rt. Z =90° = 1008= 5 radians, 
whence, ле = 180°. 
Thus, 


ТЕГЕ 
1 о 7 (180 of a rt. Z 


ON ea a 
= (5) ==) = 100 of a ті. Z 


1- (59) -(% = 2 ot art. Z. 


л л 
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17. Illustrative Examples. 
Ех. 1. Express 
(i) 63*22'40'8" in centesimal measure 
and (ii) 203° 58' 73" in radians. 
Here, (i) 63° 23' 408" — 63453 deg. 31552 x 2, rt, и 
=4308°% бо X 100 grades 2522 grades 
=707 491, 
(Н) 209? 58" 79" — 2035873 grades 
=2'035873 rt. / —9:035878 x 
71'01793657 radians. 


T Р 
а radians 


Ех. 2. Ір, а, r denote resp 


ectively the grade measure, 
and radian measure of the same 


degree measure 
angle, prove that 


From Art, 1'6 


1 р 
= ж = 4. 
1 7100 fart. L, s. p 100 ofa rt, Z. 


i 
Poe of rt. Z, 67 rag of a rt, Z. 


n 2 
Es of rt, Z, 5 "= of a rt, Z. 


Bince the same angle contains 27, 92175 
Ая, 
1007907, ; 

or, multiplying by 10, 2. = 2 205. 


т 
Ex, 3. (i) Two angles oj 


Л à triangle are 72° 53’ 51", and 419 29 50“ 
respectively. Find the third angle in radians, 


417 991 50" = 41-9950 grades 
41225x 9 


10 degrees | 9° = 107 ] 
7:911025 degrees 
= 37° o' 9", 


MEASUREMENT OF ANGLES 9 


TThe sum of the two given angles is therefore 
72° 58' 51" 4-37? 6' 9" — 110". 
The sum of the three angles of a triangle being 180°, the third angle is 


Т 180° —110°=70°=70 x radians [ т°=180° ] 


EXE 
100 


= t = radians, 


(1) Divide я radians into two parts such that the number ој sexagesimal 


minutes in one may be to the number of centesimal seconds in the other part 
аз 27 : 9500. 
We have 7 radians= 7 x 2% Z=trt L. 
4 4 т 


Let z b» the number of centesimal seconds іш the second part, во that 
28505 is the number of sexagesimal minutes in the first part. 


т 
Хант, 
Now, — z"-155x100x100'^ 0 


27 = 972 
2500 " = 2500x60x 90 
ipsun. ame ue» {= Í 

1000000” 500000 2 үл 


500000 | Y 
whence Фе Sz 


rt. Де rt, LH 


cau 500000 


500000“ 500000 


о 


У Аз 
50000077: 500000 , и: 7» 9, / 
Thus, second part is $ "$x100x100x 100% Эҳ: of We 2 p 


= = 


=$ rt. L =15°, and as the sum of the two parts is 
З rt. Z, i.e., 45°, the first part is 30°. 
The two parts are therefore 30° and 15°. 


Ex. 4. The angles of a Quadrilateral are in A.P., and the number of 


grades in the least angle is to the number of radians in the greatest as 100: т. 


Find the angles in degrees. 

Lat the angles, expressed in degrees, bea,a+f8, a+28 and а+38 respec- 
tively, Then 
а+а+В +а+28 +a+38=360, 

$6, № 2a--98—180. oe () 
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Again, the least angle, а°=12а2 


же 


and the greatest angle (a-- 98)? = (a+ 38) 180’ 


and so from the given condition, 


10 
g еа 88) 55 =100/т, 
да 

от, ағар” 1, whence а = 38. 


-. using (i), ?а-180, or, а= 60 and Во © =20. 


Thus, the angles ara 
60°, 80°, 100° and 120°, 


Ex.5. At what distance does a man, 54 ft. in height, subtend an angle 
of 15"? 


B 
51 ft. 
тів, А 


0 


AB being the man subtending an angle 15" at О, let OA be r ft. 


As the angle АОВ is very small, so that AB is very small compared to 

» We may assume the small length AB to bo practically a small arc of à 
circle whose centre is O, Now ihe measure of an angle in radians is tho 
ratio of the arc which subtends it at the centro to the radius. [Seo Art. 1'5.] 
VIELE FREE 

77 60x60" 1807 >’ 

он r= il „180x60x60 


ібхт i^ 


=11 «180х6охбохт | 1 
9 15х99 8х 1760 Miles approx. 


=14'32 miles nearly. 


Ex.6. The angles of a triangle areas 4:5 : 6. Express them im circular 
measure. 


Suppose the measures of angles in radians are 4%, бт, ба. 


j 
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Since the sum of the three angles of a triangle are two right angles, i.e., 
7 radians, ^ 
2. 42+55+62=т, ог, == ут. 


2. the angles are respectively тут, ӛт, іт. 


Ех. 7. The angles of a triangle are in А.Р. and the greatest is double the 
* least ; express the angles in degrees and radians. 
Suppose the angles of the triangle are a — В, а, +В in degrees. 
Since the sum of the angles of a triangle is 180°, 
SS а-8+а+а+6=180°, 
1. 082821807. SS а=60°. 


Since the groatest angle is double the least, 
г. ажВеб(а- В), or Әр-а. 
2. B=ha=4.60°=20°. 
2. the angles ате 40°, 60°, 80°. 


i 9,25% .2. radi 
Since 180%-т% or 1 7180 vu, 


*. in radian-measure, the angles are $7, ёт, $7. 


Ех. 8. The number of degrees in one of the acute angles of а right-angled 
triangle is threc-tenths of the number of grades in the other ; determine the 


angles in degrees. 
Suppose the two angles are 2°, 90°—=° ['." the triangle is right-angled 1. 


Since 27-522 grade, 
". 90-2- 35/322). S. д=674. 


*. the angles are 90°, 674°, 223°. 


Ex. 9. Compare the areas of two circles in which the circumference of one 


is equal to an arc of 60° of the other. 

Suppose the radii of two circles are т, Та and their areas aro з, Sa. Let 
1 be the length of the are of the second circle subtending 60° at the centre. 
Since 60°=47, hence from the formula 5-70, Гете. Since the circum- 


ference of the first circle is equal to 1, hence Отт = тл. «^. туби 


атт ті ч *, 8, ве 1: 86. 


Now, 


$7 = а 
Sa Try) 196гі 
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Ex.10. If an атс of length 1, in one circle subtends x,° at its centre, and 
an arc of length 1, in another circle subtends жа” at its centre and т, and та be 
the radii of the two circles, show that 

By hf, 
жа ları 


From the formula, 0— г we get 


в, Шт, where 6,, 0, are the radian-measures of the angles 
Ө lira 


subtended at the centres of two circles of radii у,, т, by arcs of lengths 1,, la 


Here, 0,— дае 


Eas 
180 з" 
s'e the required result follows. 


T 
1802» 


Ех. 11. The angles of a triangle have the same measure when the units 
are 1°, 2°, 3° respectively. Find the measure. 


Let = ће ће measure, 


4. д°+94°--3:°=180°. — s. 2-80. 
Ex.12. Find the radius of a globe such that the distance measured upon 


its suface between two places on the same meridian whose latitudes differ by 
1° 45 may be 14 inches. (теза ] 


7 T 
2х трр)тайаша. 


Let т be the radius of the globe. Then from the formula, б= 


Here, arc 3-12 inches = 21 inches, 0=1° 45/— и°==( 


s 
з, 
ғ 
оС 1 


чии Ux За 
4 180 9r ^6" 4 


7x180 9r 


"Є r=40 inches — 3j ft, 


Ех. 13. If the diameter of the sun subtends an angle of zy minute at the 
eye of an observer and the diameter of the moon та minute and if the distance 
of the sun be k times that of the moon, find the ratio of the diameter of the sun 
to that of the moon. 


Let d, and d, be the diameters of the sun and the m 
the lengths of their distances from the observer, 


Sl REL. 


oon and 1, and 1, be 
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di. ai (ci Т 
As in Ex. 5, "i =radian-measure of x, = 60% 180 
аз «бас, 
БЕ? » n Та = 60 * 180 
ғ, 4. / з-за, 
by Art, 172, ПИ 
dy zily m. Kl. ‚Фу. 


Фа “аіз 24 lg та 
Ех. 14. If aj, аз, аз be the circular measures of the angles subtended by 


the arcs of lengths lı, la, la at the centres of the circles whose radii are ту, Ta) Та 
respectively, show that the angle subtended at the centre by the arc of length 


T, 14-7. ој a circle whose radius is 1 (ат, Нат. +473) will be n radians. 
[ C. U. 1940] 
Since, s—r6, Цела, 1527505, 0773505. 


+141, собата 


Now, де 8 zum 1 
п (т али Назт:) „(ат taaratasrs) 


=n radians, 


Examples I 


1. Indicate the final position of a revolving line which has 
traced out the angle 


(i) 1122° ; (ii) - 810° 29 ; 
(iii) - 6170 51` 5“; (iv) 18s radians. 
2. Express (i) 55^ 19' 36" in centesimal measure ; 
(ii) 195" 35` 94" in degrees, minutes, and seconds. 


3. How many radians are there in (i) 509 75 50“; 
(ii) 18° 88! 45"? А 

4. Express in each system of angular measurement the angle 
between the minute-hand and the hour-hand of a clock at quarter 


to twelve. 
Б. Ifa? be taken as the unit angle, and the angles 600° and 
16° expressed in that unit be a and В respectively, find the relation 


between a and В. 
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6. The difference of two angles is 1° ; the circular measure of 
their sum is 1 ; find the circular measure of the smaller angle. 


7. Two angles are in the ratio 2:3, and the difference of 
their measure in grades and in degrees respectively is 24 ; find the 
angles in degrees. 


8. An angle is the excess of D^ М’ over 07. Find the 
ratio of this angle бо а right angle. 


9. The circular measure of a certain angle is equal to the ratio 
of the number of degrees in it to the number of centesimal 
minutes ; find the magnitude of the angle in degrees. 


10. With two units of angular measurements differing by 10°, 
the measure of an angle are as 3 : 2; determine the units. 


11. Шап angle standing upon an arc of length % at the centre 
of a circle of radius ‘r’ be taken as unit, and three angles D^, (7, 


and C circular units expressed in that unit be t, У, 2 respectively, 
show that 


ie he Dx Gs 
2:082 18 :90 ` 100. 
[ The angle at the centre of a circle of radius т, standing on ап атс of 


length 1 has circular measure i [See T'hcorem II, Art. 151. The unit is thus 


i radians. Now by the question, 


ож Gt. т Gr 
Hence, 2:9 :z 180: 200 P= 767: gg : 100.1 


12. Three angles are in С.Р The numbe i 
[ Р. of grad the 
greatest angle is to the number of circular units in thé Teast аб 800 
фо ^ and the sum of the three angles is 196°, Find the angles in 
grades. 


13. Divide 54° in three parts, such that the circular measure 
of the first exceeds that of the second by б and the sum of the 
second and third is 30 grades. 


Ez.I] MEASUREMENT OF ANGLES 15 


14. Find at what times between 7 and 8 O'clock the angle 
between the two hands of a clock is (i) 60°, (ii) 155°. 

15. The angles of a triangle are in A.P., and the number of 
radians in the greatest is to the number of grades in the least as 
л:40. Find the angles in degrees, 

[ Lot the angles in degrees ba а—В, а, а+В. Thena-f-a-a-c- 8-180, 


whencea-60. Again, (+8) 155: (а—8) оті $01 22-5, whence Ê 


= 2, or B= 24-40. The angles are therefore 20°, 60°, 100°. ] 


16, In each of two triangles the angles are in С.Р. ; the 
least angle of one of them is three times the least angle in the 
other, and the sum of the greatest angles is 240°. Find the 
circular measure of the angles, 

[ Let the angles of the two triangles expressed in radians be a, az, az? 
and За, Say, Say” respectively. Then a(1- zz?) = За(1+у-+у*)=т, 


Also a(z?+3y*) x 180-10. 


From these, (1--z--z?) = 3(1--g4- y?) = A = 3 (27-807). е 
Thus, 4(1+у+1?) 92? +3у° or =°=у?+4у+4, whence z— g--2. 
Therefore, 1+(y+2)+(y+2)?=3(1+y+y"), giving y*—y—2-0, 


Or, у=2 (rejecting the negative value). 


4. ш-4, Also = =1+4+47, or а. The angles are theroforo GP 


б 16r and 7 т, 4т respectively, 1 


17. One angle of a quadrilateral is $ of another and the two 


other angles are 66% grades and За radians. Express the angles 


in degrees. : 
18. The angles of а polygon (which has no reflex angle) аге in 


A.P. The least angle is = radians and the common difference 


is 5°, Find the number of sides. 
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19. Тһе number of sides of two regular polygons are aS M : т, 
and the number of degrees in an angle of the first is to the number 
of grades in an angle of the second аѕр: д. Determine the 
number of sides in each polygon. 


20. An arc of 507 in one circle equals one of 60° in another ; 
find the radian-measure of an angle subtended at the centre of the 
first circle by an атс equal бо the radius of the second. (5. F. 53] 


[ 507=4n° and 60° = 47°, If 1 be the length of either arc Yr, 2 im, lr, hr; 
radian-measure of the reqd..angle=r./r, =otc. 1 


21. Two regular figures are such that the number of degrees 
in an angle of one is to the number of degrees in an angle of the 
other as the number of sides in the first is to the number of sides 
in the second. The sum of the number of sides of the two figures 
being 9, determine the number of sides of each. 


22. The wheel of a railway carriage is 4 ft. in diameter and 
makes 6 revolutions in a second ; how fast is the train going ? 


23. Тһе earth revolves round the 
radius 92700000 miles once в year. 
hour. If the apparent angular diam 
the earth be 82’, find also the linear 


sun in a circular orbit of 
Find its velocity in miles per 
eter of the sun observed from 
radius of the sun, 


24. А tower subtends an angle of 10’ when the observer is at 
a distance of 6 miles ; find its height. 


25. Find the radius of the earth, if an angle of 1° is subtended 
аб its centre by an arc joining two places on it distant 69'1 miles. 


26. А horse is tied to a post by a rope 27 feet long. If the 
horse moves along the circumference of a circle always keeping the 
rope tight, find how far the horse will have gone when the rope 


has traced out an angle ої 70°. [5—32] 
[ 70°=70x ce. 


150 being the angle described about the centre of the circular 
path whose radius is 27 ft. ; hence the length described=70 = etc. 1 
27. A man running along a circular track at the rate of 


10 miles per hour, traverses in 36 seconds, an arc which subtends 
56° at the centre, Find the diameter of the circle. |л-321 


РА 360 yds. 
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28. Ап аге of 30? in one circle is double an arc in a second 
circle the radius of which is three times the radius of the first. 
Show that the arc of the second circle subtends 5° at its centre. 


29. A piece of wire in the form of a circle of radius 3 inches 
is placed along the circumference of а circular haop whose radius 
is 4 ft. Show that the wire subtends an angle 293^ at the centre 


of the hoop. Гл-321 

30. A pendulum 7 feet long oscillates through an angle of 9°. 
Show that the length. of the path its extremity describes between 
the extreme positions is 155 ft. 


ANSWERS 
1. (i) first quadrant. (ii) third quadrant. 
(iii) second quadrant. (iy) fourth quadrant. 
2. (i) 617 34° 4414, (ii) 175° 49" 17176. 
8. (i) '2537757. (ii) тоть 
4. 82° 30’; 917 66' 6976 ; Mir. 5. а: ВЕбт : 94. 


1 T 9 1l M -5l Сар 
6. + (1-35): 7. 6%ап49% 8. ao (P +30) 3c (6-309 
42. 907, 407, 807. 


9. 7% nearly. 10. 20° and 30°. 
18. 27°, 9°, 18°. 14. (i) At 98; min, and 48 min. past 7. 
4m. år 167, 
(ну At 7-10. 25. 20°, 60°, 100°. 16. ыы каа ат 
17. 45°, 60°, 190“, 185°. 18. 9. 
2(10рт- 94”). 20. à. 


19. ma and nz where се mn (10p.— до) 
5141 miles per hour (nearly). 


21. З and 6. 22. 
23. 66444 miles por hour (nearly) ; 481445 miles (nearly). 
24. 76'S ft. (nearly). 25. 3959 miles (nearly). 26. 88 ft. 
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CHAPTER Ш 
TRIGONOMETRICAL RATIOS OF ACUTE ANGLES 


2'1. Definitions of Trigonometrical ratios. 


c — 
Let the two lines ОА and OB intersecting at the point О 
generate the acute angle АОВ. Let us denote this angle by 
the Greek letter 0. й 


= 
Take any point P on OB and 


ux 
draw РА perpendicular to ОД. 

Р Then APON із в right-angled 
triangle. 

With respect to the angle 0, PN 
will be called opposite side, ON, 
adjacent side and _ OP, hypotenuse. 
Some writers call РМ Perpendicular 
and ON base. 


N A The six trigonometrical ratios 
k PN, ON, PN, ОР, OP, ON 
OP OP ON PN ON PN 
are called respectively the sine, cosine, tangent, cosecant, secant, 
co-tangent of the angle 0 and they are shortly denoted by sin 0, 
сов 0, tan 0, cosec 0, вес 0, соб 0. Thus, 
Min gs PN _ ОРрозіїв side 
OP hypotenuse 
ON _ adjacent side 
OP hypotenuse 
PN _ opposite side 


үсе ON adjacent side 


«ОР. hypotenuse 
conocia PN opposite side 


25 OP _ hypotemuse 
580 ON adjacent side 


Por ON _ adjacent side, 
со РМ  opposiie side 


сов бе 


RATIOS OF ACUTE ANGLES 19 


In addition бо these, we define two other ratios which are 
less frequently used. They are defined as follows : 


Versed sine of angle 0, written as vers @= 1 - cos Ө 


Co-versed sine of angle 0, written as covers Ө--1- віп Ө. 


972. Constancy of Trigonometrical ratios. 


Although the trigonometrical ratios of the angle 0 have been 
defined by means of the ratios of the lengths of the two sides 
of the triangle OPN [ See Fig., Art. 2`1 ], it must not be supposed 
that they depend upon the actual lengths of the sides, 1.6., upon the 
size of the triangle OPN. In fact they depend only upon the 
magnitude of the angle 0. Moreover in Art. 2°1, Р was taken as 


any point on OB and perpendicular was drawn on ОА and a right- 

angled triangle was formed and from that right-angled triangle, 

trigonometrical ratios of 0 were defined. We could as well take 
=> => 


any point on OA and draw perpendicular on OB and from the 
right-angled triangle thus formed, we can obtain the trigonc- 
metrical ratios according to the above definition and we shall 
now show that the trigonometrical ratios defined by the two 
triangles are the same. 


B 


0 мм в А 
Suppose m Z АОВ —0 (acute angle). 


— pa d => 
Take a point P on OB and draw PN perpendicular to OA ; 
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= . 
again take another point Q on OB and draw ОМ perpendicular 
=> > 


to ОД. Further take a point Е on OA and draw perpendicular 


RS on OB. Then three right-angled triangles are formed. 


З РМ 
From APON, sin9= Gp 
From ДООМ, sin 0- 00. 


А RS. 
From AROS, віп 0 OR 


Since A*PON, ООМ, ROS are similar, 


Thus, sin 0 has the same value from whichever triangle 16 is 


defined. Similar is the case for other trigonometrical ratios. 


Note. It should be noted carefully that each trigonometrical ratios, 
being the ratios of two lengths, is itself not a length but a number. 


2'3. Mutual relations among Trigonometrical ratios, 


We know from Art. 2'1 that 


Ор uM Іі. 
C0820 Ons У СТА 
ЖОР IE 44. 
РО ОК ОХ] ОР. Бог 

SONES at 
АС 

Again, 

1 g - PN -РМ/ОР | sin ө 
an ^ ON ОДМОР совб 
ОМ ОМ/ОР _cos 6 


cot Ө= ру PN/OP sin 6 


o 
(2) 


(3) 


(4) 


(5) 
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We сап as well proceed from the right side to the left side. 


9 Т:6-4 аты) 2904) 
Thus, sin 0 совео g? 008 6 зво 0^ tan 6 о 
sin 0 _ cos 6 _ 
5550 бап 0; and соб б. 
Again, from the right-angled triangle OPN, we have 
PN*+0ON*=OP*. 
Dividing this respectively by ОР“, РА“, ОД“, we get 
РМ\* , (ON\? Ў 
И Е - 9 
OP? (РМ 4 
(om) "(ox зі = МО) 
ОР ON NS 
| a. leat (ii) 


For the sake of convenience, (sin 6)? is usually written as sin*0 
and squares, cubes etc. of other trigonometrical ratios are similarly 
written. 


From the definitions of the trigonometrical ratios, relations 
(1), (ii), (iii) can be written as : 


віп20 + cos?6— 1 s+ (6) 
1+tan?0 = вес?6 5% (7), 
1- соЁ?6 = созес? 0. 77 5% (с) 


From (6), (7), (8), we get the following formule which are 
уегу useful in establishing trigonometrical identities : 


sin?8 = 1 — cos?0 cos?0 -1- віп?0 
вес20 — tan*0— 1 $8020 = sec*0 — 1 
cosec?0 — соб'8 71 соб?8 = cosec?0 — 1. 


2'4. Restrictions on the magnitudes of Trigonometrical 


ratios. а ^ y Ж 
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It will be proved later on that the trigonometrical ratios may 
be positive or negative but the trigonometrical ratio of a positive 
acute angle is always posttive. 


: PN _ ON 
Now, sin 0 "ор! cos 0 = OP 
Since the sides PN and ON can never be greater than the 
hypotenuse OP, sine and cosine of am acute angle cam mever be 
greater than one. 


Hence, cosecant and secant of a positive acute angle can never 
be less than one. 


LEN, „ду ON, 
Again, tan 0— ON cot 0 = PN 


Since, PN сап be >, < or = ОМ, tangent and cotangent of а 
positive acute angle can have any value. 


Note. If should be noted that sine, cosine, cosecant and secant of a 
positive acute angle may be equal to one, [Bee Art, 3'4, 8'5.] 


275. Trigonometrical ratios of complementary angles. 


In the fig. of Art. 91, let us donote the angle OPN by 
$ (pronounced as fi. With respect to the angle $, ON is its 
opposite side and PN the adjacent side. 


3 0. 
віп $= OL - cos бї; созф= аш 0 


. ON 
tan $— 5y cot 6 ; cot ф= БМ = tan Ө; ево, 


Since 6+ $ = 90°, i.e., ф = 90° — 0, we get the following formule 
from the above relations : 


sin (90° - 6) сов Ө; сов (902 - 6) sin Ө 


tan (90? - Ө)= cot 6; cot (90? - 6) - tan ө 


sec (90°—0)= совес Ө; совес(90%- 6) = sec Ө. 
"в 


\ 


RATIOS OF ACUTE ANGLES 28 


276. Conversions of Trigonometrical ratios. 


With the help of the formule established in Art. 98, we can 
express any frigonometrical ratio of an angle in terms of any 
other ratio of the ваше angle; hence if the value of any 
trigonometrical ratio of an angle be given, we can find the value 


of any other ratio. 
Thus, let us express five trigonometrical ratios“in terms of 
tan 0. 2 


Let 


_sin 0 б ask OS 
пде 8:8 cos 0 = бап 0. сов 0 Vita 


СТЕ uem 


cosec 0 = - 
sin 0 т 


Although the square roots may be positive or negative, here 
0 being а positive acute angle, all the square roots will be taken 


ав positive. 


2°7. Illustrative Examples. 


x. 1. Prove that NEL 8-- cot 6. [ C. U. 1937 ] 
1—cos 6 
де 8- fü-cos8)* „ /(1--сов ө)? 
1-сов 0 1-сов?0 31070 


1+0080_ 1 сов 6 
= ао но ане СОН) 


vo 2. Prove that 


1 Ж oe MS 1 т 
з е sec А+{ат А cos A cos А sec A—tan А 
ВСЕКТ, West Benga 


Date.. 


К: Seer. „ы 
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РА ad ЕЛҮ 
вес A+tan А Бес A—tan А 


sec A—tan A+sec A-- tan А що 9 вес 4 
(вес A+tan А)(вес A—tan А) cec?A—tan?4 


ae IL 
cos А cos А cos А 


We haye 


=2 вес A= 


Hence, by transposition, 


1 Lend peel 1 4 
вес A+tan А cos А сов А seo A—tan А 


ка 1+9 sin 0 cos 0 
Әлеу ВОЕН (еее б) 


= sin 0 cos 0 (sin 9+ cos 6). 


1+9 sin 0 cos 0 


We Have (sin 0+ cos 6)(cot 0+ tan 0) 
(віп?0--соя20)--2 sin 0 cos 8 
m ebata tol ВОЗ ОВ Ед 


cos 0 , sin 0 
(sin 9-+ сов 0) Seres) 


(sin 0+ соз 6)? 


60570 + sin*0 
(sin 9+8 ој: sin 0 cos 0 ) 


(sin 8--cos 0) sin 0 cos 0 
1 


=sin 0 cos 0 (sin 0--сов 0), 
" 


X. 4. If 15 sin?0+2 cos 0-7, find tan 0, 0 bcing an acute angle. 
Неге, 15(1—соз?8)+9 cos 0-7, w ее 
whence 15 cos?0 —2 cos 0-80, m Ў 


ог, (5 сов 0—4)(8 cos 0+2)=0; ., cos 0= $, or, -3, 


81170 =1—с0370=1—31= фу, "^ віп 0= +3, 


Since, here 0 is a positive acute angle, sin 0, cos 0 cannot be negative. 
Hence we take cos 0= $ and sin @=3, Hence, tan 0-2. 


Ex. 5. Is it possible to find a value of 0, if cos беті, тапа y being 
two real numbers and 0 a positive acute angle ? 
Since, z, у are two real numbers, 


а «ay. 
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5; соз 9 < 1, which is possible. 


Ех. 6. / Eliminate 0 between the equations 
a=tan 0- sin 0, b— tan 0 —sin 0. 


9 — їп? 


а 

Here, аб (tan 6+sin 6)(tan 0 -віп 0) -tan*0 —sin*0 ==; 
(4 

— sin? 0 sec? — sin?8 = sin?0 (sec?0 — 1) = sin?8 $8070. 


a-bí-2tan0;a—b-92sin6. .'. 
г". (a? —b?)* 216 sin?8 tan?0 =16а5. 


Ех. 7. If a? sec?z — b? tan°s=c’, find cosec т. 
Since, soo?r—tan?z-1, we can write 
а? sec?z — b? tan?z = с? (вес? д — капа), 


or, (а3-с?) вее (b? — c?) tan?z, 


вес22 53-сі 
cT 


c $502 а?- 
ба тин > 
ог, созес?д = У $e, cosecr= 


Ex. 8. If z—rcosÓcosó, Ут” cos 0 sing, s=rsin@, show that 
ау? +2? =r’. 

Here, 23 +? =r? сов70 сов'ф-кт? cos*0 вїп?ф 
=r? cos? (cos? -- sin?) су? сов? 0. 


n о ду =r’ cos?0-- r? sin*ü — r?. 


А. 9. Show that (lan 0+sec 6)* =} 


Қ sin 8 1 (віп 6)? (1--віп 6)? 
Left side (5 0 cos )- сов" 0 1—sin*8 


(1-- віп 6)? .l-*sin 6, 
(Ева 6)(1 - еп 8- 1-sin6* 


Ex. 10. If ktan 0—tan 10, prove that 


sin? КӨ г 
“imo 1 —1) СТЫ 
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sin?k8  sin*k0 cos?k0 _tan?ké 1 tan?re I 


51020 ` cos?k0 sin*8  sec?k0 sin?0 1--tan?k0 sin?0 


= DE ds ( from the given condition ) 
an 


с? sin*8 1 з dus ITI 
tme Gu emu 199 CER GUESS] 
p p p 


7 c0370-- I? sin*8  1—sin?0--7? sin?) 1 (19 — 1) sin?8" 


«Examples II 


Prove the following identities [ Ex. 1 to 21] :— 
/A. (sin z-- cos =)? + (sin z — cos а)? =9. 
/2. sin*6(1-cot?0)-- сов? ((1-- tan?0) = 9. 
78. (sec 4- сов A)? + (созес 4 - sin А)? – (соб А — tan 4)? 21. 
[Square and group (sin? А, cos? А), (вес? А, бап? А), (cosec? А, cot? А). ] 
4. sin*0 tan 0+ cos?0 cot 0+9 sin 0 cos 0 —tan 0 + cot 0. 
[ Express tan 0, cot 0 in terms of sin 9, cos 0.1 
(5) 2(10°0+ cos?0) — 3(sin*6 + соз*6)+1 =0. 
[ Put а=віп?0, b=cos?@; uso formule for а3--03, a7+b?.] 
Ив. 1525.2 = sec д- tan 0. 
[ Rationalise the numerator. ] 
Ут. Sin^z — сова = (1025 — cos?z)(1— 9 sin?z cos?2). 
[ Put a=sin?z, b-cos*z; apply the formula at ср] 
+ (8; віп”0--со5%0-1-4 sin? cos29 + 9 віһ“0 сов“0. 
[ Put азвіп?0, b-cos?8 ; apply the formula (a+)*. 1 
9. (sin z + соз z)(tan z + cot т)=вест+ cosec т. 
[ Express tan z and cot 2 in terms of sin т, 
S10. sin 4t sin B cos 4 — соя Bo. 
сов А+соз В віп А-віп B 
[ Transpose 2nd term to the right side and cross 


сов æ. ] 


“multiply. ] 


17. 


18. 


19. 


20. 


21. 


22. 
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(sin т cos y + сов т sin y)? + (сов є cos у —sin т sin у)? —1. 


—l-sinz,. ©0552 
Gd asp a ineo cei PEERS 
cos т 1-віпт 
1%соят віп т 


cosec c + cob c = — 
sin т 1-сов c 


2sina _1- 08 a- sin а, 
1+ соза + вт а 1+вір а 


[ Cross-multiply ] 
sec r—1 sinz-1 
. - + 20 - 
І+віп ш 50271560 
[ Simplify as the sum of two fractions ; numerator will be zero ] 
(sin 0 + sec 0)“ + (cos 6+ совес 6)? = (1+ вес 0 cosec 0)“. 


[ Express созес 8, вес 0 in terms sin 0, cos 0 1 


cot?z 


(cos æ+ віп z)^ — (сов z — sin т)“ —8 sin т cos T. 

[ Put а= cos z--sin т, b=cos z—sin 2 ; a* — * - (a? - b?)(a? —?) J 

(sec 2 sec у + tan x tan y)? — (sec а tan у + tan т sec у)? =1. 

г Square ; remember вео? —tan*y —1 ] 
1-—sin 0 cos 0 ,sin*8 — cos*8 

cos 0 (sec 0 — cosec 0) sSin?0 + cos?0 


[ Express seo 0, cosec 0 in terms of cos 0, sin 0 1 


—sin 0. 


1+2sin AcosA,1-2sin Acos 4 g Л 
sin 4 + cos А віп А - сов A со 


1+ ес 0 — ап 0 1 вес 0t ban 0._ о ? 
1 + 5ес б +610 1+sec0—tan 8 Beem: 


[Put 1 =sec?@—tan?6 in the numerator of each fraction ] 


ТЕ cosec А + cosec B+ cosec C= 0, show that 
(sin А+вїп B + sin 0)? = sin? А + sin?B-* віп", 


1 : POE Ыы 
[ Z cosec 4-2 SAO Ves Zsin BsinC-0] 
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23. Тї сов“0 + соз20 = 1, show that 
(1) sec*8—sec?0 71; (ii) eot*8— cct?^8 —1 ; 
(iii) бап“0 + tan?8 — 1. 
[ Given cos*0—1—cos?0. Divide both sides by cos‘ 0, we get (i). 
Again, cos‘@=1—cos*@=sin79, divide both sides by sin*6 ; 
со&*@ = созес?0= 1--cot?0 ; by transposition we get (ii), 
and dividing by cot*0, we got (iii). 1 


24. \ If З sin 0 +5 cos 0—5, show that 3 cos 0— 5 sin 0— +3. 
[ Take 8 соз 6-5 sin дах 
then add them. ] 


; Square this and the first equation and 
25. Ifa cosz—b sin ато, 
then a sin 2+0 cos g= + а? +b? — c?), 

[ Proceed as above ] 

26. Ifasecz--btanz-—c and a tan 2+6 sec = d, show that 
a? —b? - c? — 4. 

[ Square both sides of the given equations and subtract ] 
27. If4cos 2+3 sin 2—5, show that tanz-i. 

[Divide both sides by cos z and then square and put sec?z =1- tan?z ] 
28. Show that the a-eliminant between the equations 

a=2 соз a—sin a, b—cos a—3 sin a 
is | 2a? -9ab+ 53 — 5. 

[ Find sin а and cosa in terms of a and b ; then use sin?a+cos’a=1 ] 
29. Show that the equation 
_ (а? 4 p2)* 

4a? b? 
where a and b are real and unequal has no real roots. 
L Now, (a? +?)?—4a7b? = (а? — 53)? 
; Hence, (a? +52)? > 4a?5?. 
.. sin > 1 which is impossible, ] 


sin z 


Which is positive, 
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be+catab. À ч д 
30. Show that sec B= Foto? is an impossible equation 


where a, 0, c are unequal and positive. 


Га? + b? ко? — (bc-- ca-- аЬ) =4{(b—c)?+(c—a)? +(a—b)?} which is posi- 
tive. Hence, а? Кі? юс? > be+ca+ab. Hence, sec 2 < 1 which 
is absurd. ] 


. Examples II(A). 


Prove the following identities (Ez. 1 to 24) :— 


у sin А + соз А 
° вес 4 + совес А 


Ja. cot 0 + бап 0 — вес 0 cosec 0. 


^8. ЕЕ би 
1+tan A 1+cot А 


МУ соед + sin®A=1-8 віп А соз? А. IN MC ud 


© са Ыы. к 
c: cos*A  совес'4-1 1 


=sin A cos А. 


A. cos 4+ tan А sin А = вес А. 
8. вес“А + бап“4 —1--9 вес? tan* A. 


8 
1+3 cos 0 — 4 cos б. (14.9 сов 0)“. 


220, 1-сов 0 


[ Factorise the numerator 1 


/ 2 — L+ cos 0, 
10. (cot 0+ совес 0) ПРЕ] 


[ Express cot 0, созес 6 in terms of sin 0, cos б 


/ 


и 1+tan%@_ (1—tan 0]*. 
11. 14 0586 \1—cot 0 

фап®а— cot?a _ sin*a— сов?а, 
12. 14:08 1+соб®а | И 
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13. 


16. 


17. 
18. 


19. 


20. 
21. 
22. 


23. 


24. 


25. 


26. 
tan б. 
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2 
1+ соб 8— cosec 0 


tan 0+ вес 0-1 _1 +11 Ө, 
tan 0 — вес 0 +1 cos Ө 
[ Put 1=sec?@—tan?6 in the numerator 1 П 


sin 4- 2 віп? A 


1+ ап 0 вес 6 = 


9 соз? A — cos а а 
19 віп 0 Е - 
1-віһ0 TE SO 1+ вір 0 


[ Transpose right side radical to the left side and simplify sum of 
two radicals. ] 


совес А соб А_ sin?4 | 
cosec А - соб А (1-сов A)? 


(1+sin А + cos А)? = 9(1 + віп AY(1-- сов А). 


secO+tan@ _ вес 0 – бап 0 сооб 8) 
совес 0 + соб 0 совес 0 — соб 0 ДЕҢ 205604075 


[ Simplify left side ; note cosec?0 —cot?0 = 1. ] 


ENT I. 
l-sin*0. 1-cosec*0 


= 


Sin^a-Fcos?a , sin?a —cos?a | 
sina+cosa  sina—cosa 


tan 0 sin 0 
8ес0-1 1+cos DTA сої 8. 


сов 0 + сов $ —sin 6 +sin ф 
віп @—sin cos фо cos 0 


1-4 cosec?0 соб?0 = (совес?0 + cot?0)?, 
[1+4 cosec*0 cot^6 = (совес?0 —cot?0)?+ 4 cosec?8 cot? 
= (cosec? 0 + cot? 0)? 1 


Express 1 — 2 sin 0 cos 0 as а perfect square. 


Express 2 sec*0 — вес”0- 9 созес?0 + сокес*0 in terms of 


її 
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Г The given exp. = (coseo* 0 — se0*8) — 2(cosec? 0 — sec 20) 
= (cosec?8 — вес? 0) (совес? 0 + sec? —2) 
=(1+cot?@ —1— tan?6)(cosec? 0 —1+seo29 — 1) 


= (0020 — tan*6)(cot* 0 + tan*0) = cot*6 — tan*8 
+ 


1 
=——— tan‘ 
[FEED tan*8.] 


27. Prove that 


А 
(sin а cos В + cos а sin 8)(з1п a соз B — соз a sin В) 


28. Ifsin A-- sin" 4— 1, then cos?4 + cos*4 — 1. 
29. (i) If sin 0— cos 0-0, prove that sec 0 = + УЙУ 


(ii) It 7 sin*0 + 3 соз®б = 4, show that tan 0 = + E 


[ Write 4— 4(sin?6 --cos?6) J 
(iii) If 8 sin 0+4 cos 9 =5, show that sin 0— 3. 


24-1 


504 If tan 0 + sec 0 = т, show that sin Петре 


а sin 6-8 con 0. 
31. Iftan60- find the value o; of 7 ВОРУЕТ, 


32. . If 1-- 4c? = 4x вес A, prove that а 
sec А+ tan А = 22 ог 1/2z. 


33. Express sin а in terms of вес a, and sec 8 in terms of 
cob 0. 


94. Given sin 0= 8, cos $ = 18, where 0 and ¢ are acute angles ; 


tan 6- бап ф 
find the value of ТОНА 


cos a+sin а= 4/2 cos a, prove that 
“7 з 2 


cos a — sin a= 4/2 віп а. 


[ соз a-- sin a= М? cos a, or sin а= соз а (48 —1). 
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-віп!а- sin?f. 
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sine (42-1)sin © _( ($41) sin а. 


cos'a= J-i 2—1 


cos a —sin а= 4/2 sin а.) 
cosec? А — sec? A. 


1 
36. Iftan 4— м8 i созес* А + вес" 4 


is If 1--sin?4 —3 sin A cos A, find tan А. 
К 3. If tan 0 +вір 0 =, tan 0— sin б-п, prove that 
m? — n? =4 J/mn. 


39. If (a?—b?)sin 0--2ab сов 0—a?-- b^, find tan 0 and 
cosec б. 
[ From the given equation (а? —5?) tan 0--2ab = (a? -- b?) вес 8. 
2. squaring, (a? —5?)? tan?0--4ab (а? -Ь?) бап 6-- 4a^b*? 
= (a? + b?)*(14- tan*0), 
or, transposing, 4a7b? tan?0 —4ab (a? — 0?) tan 0+ (а? —Ь)° =0, 
а-ы 
2ab 


4a?b? _(a?+b?)? 
Tja 39= ал оја 
Again, созе070 -<14-со570 l+ p (РН 


or, (2ab tan 0 — (a? — b?))? =0, whence tan 0— 


24.52 " E 
cosec 0 = к (the minus sign of the square root is inadmissible 


from the given equation) ] 


Y ina- 
O tan 0 DE UU prove that 
2 n а + соза ! 


^/2 сов 0 —sin а + cos а. 


sin а —cos a (sin үз 
BEIC COR Ge А T а-сов о! 
sin a+cos a се сеза 


[tan 0— 
(sin @-Есоз а)? 


29 (віп?а + сова), 1 uU 9 
(sin a+cos а)? б соз? (sin а- cos a)? 


2. 2cos70=(sina+cosa)?. .'. ,/2 сов 0 -віп a+cos а, ] 


41. Given бап20=1 —e*, show that 


8 
вес 6 + tan?0 coseo 0— (2 - e?)?. 
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42. If @ and y are two unequal real quantities, show that 
(= +y)? 


: а 
the equations (i) sin?6 duy 


and (ii) сов 0=2+ 2 are both 
impossible. 
48. Eliminate 0 between 
(i) т-а сов 0, y — віп 0. 
(8) ао (вес 0+ tan 0), y =c (sec 0 — tan 6). 
(iii) а cos 0 +b sin 0+ c—0, a’ cos 0 +0 sin 0 +0'=0. 
(iv) a tan?0 +b tan 0 Коса! co&*0 +0 cot 0t c/—0. 


ANSWERS 
25. (sin 0—cos 0)?, 26. ср“ tant. 31. o. 
98 зо, еке. 34. i 86. 4. 37. lord 
89, Vu a i5. 43. (i) ane ої (ii) zy c*. 


(iii) (bc! — b'c)? (са - са)? = (а а)". | (iv) (а'ь - Б'о)(аї" — be’) = (aa' — сс) 


Examples II(B) 


Prove the following identities (Ex. 1 to 18) :— 
1  tan?a соба _ 1-9 sin*a cos?a. 
“вара 1+cot"a sin a cos a 

2. (tan 0 + соб 0 + sec 6)(tan 0 + cot 0 — вес 0) = cosec*0. 

[ Left side = (tan 0 + cot 0)* — вес? 
= 8010 +2 tan 0 cot 0--cot*0 —sec*0 
= tan?0 + 24+ 0620 — вес?0 ^ 
-(1--бап?0)--(1-- cot? 0) —&eo* 0 із 
= 860? 0-- совес?0 -вес70 = созео?6. 1 


3. sin 0 (l-tan 0) + сов 0 (1+ cot 0) = sec 0 + совес 0. 
[ C. U. 1935] 


н, 8. Tr,.—3 


ж. 
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з. з 
4. (1+sin а- сов a)? + (1—sin a+ cos a) 
=4(1—вїп а cos а). 
Б. sin°a+sin*a соз?а — sin?a cos*a — совба 


= sin?a— cos?a, 


46. 3 (sin 6+ cos 0)- 2 (sin*@ + cos?6) = (sin 0 + cos 0)? 


[ Lett side=8 (sin 6--сов 0)(віп” 0+ соз?6) — 9 (sin?04- сов?) 


Ei sin70+ cost} 0-11 
=(3 813043 віп? cos 0+3 sin 0 cos? 0-- 3 cos? 19) 
- (вії 0 cos?0) 
= (sin?6-- 8 віп?8 cos 0+3 sin 0 cos? 0 + cos? 0) 
= (sin 9+ соз 6). J 


Note. Since віп20--сов70-1, hence 3 is written as equal to 8(sin?0 


+00820). 


1 Ји абы u^ ibn 
совес 0— cot Ө віп sin cosec 0 соб б 


ал: СТ 
совес @—005 Ө созес 9+ соб 0 


— 60566 0 + cot 0--совес 9 — соб 0 
созес?0 — cot? 


2 созес 0 Со 
га “со570)-сой0” ^ <05ес 0 
S4 Пре 


зіп Ө sin 9 * sin ө o 


Hence, by transposition, the reqd. result follows, ] 


бон БЕ COS y (соз с 
хо singz+cosy sin у- 


сов 7 


Біп /- cos віп 2-с08у ніп у сов 
(sin 0 + cosec 0)* 


10. 


11. 


+ (cos 0+ вес 0)? = tan? 9+ cot*0 4- 7. 
(sec 0 — cos 6)(cosec 0 - віп 6)(tan 9 + соб 9)= =1. 


14 (возес 2 tan D 1+ (cot 2 sin y? 
1+ (созес 2 tan y)? 1+(с06 z sin у)? 
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E 


1+ (1+cot?z)-— 


2 a 
Е. 
< y 1+(1-+c0t?2) 28, y 


sy 


_ COS? gj 4- sin? у cot?z віп? _ 1+ (cot т sin y)? 
> сов?у + віп? y--cot'ssin?y 1+ (соё z sin у)* 


12. seca qosec?a - 3 sec а cosec а = апа + cot?a. 


вір За, соз?а  sin^a--cos"a 


сов°а sin?a sin'a cos?a 


[ Right side= 


„(виа + cos?a)* - З віп?а соз? (sin?a+cos*a) 
віп'а соз'є 


вано вес?а cosec?a —3 вес а cosec a. 


-1-3 віп ?а cos?a ] 


18. sin°4—cos°A= (sin А + cos A)(sin А- сов А) 
х( sin А cos AY(1— sin А cos А). 


tan a cot a 


14. " 
(1-tan?a) (1 +cot?a)? | =sin a cos a 
й sina 1 сова 1 
(ген Ее соз а secta sin а coseo*a 


=sin а cos*a+cos а sin?a 


=sin а cos а (sin?a+cos*a)=sin a cos a. ) 


15. sin?0 tan 0 — cos?0 cot 0 + sec 0 совес 0-9 tan 0. 
cos? А — sin? А 
sin А соз? А — cos А sin* А 
17 tan?4-Fcot?4  sin*A + сов* А, 
" tan*d—cos?A  sin^4— cos А 
Бір? , cos*A_sin*A-+cos* A 
[ sae за sa" віп? 4 соз?А ' 
sin?A соз? А віп“А-сов“А 
бап? 4—cot*A = отд sin*4  sin*A cos*4 
_ (віп? + cos? AJsin* 4 — cos? A) sin?4— сов? 4, 
віп? сов“ віп? А cos*A 


= совес 4 + вес А. 


16. 


Hence, by division, the read. result follows. ]. 
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18. (sin а cos В – сов а sin В)" 
+ (сов a соз В "віп а віп f)? =1. 
19/ If cos*A—sin*A=tan*B, 
then соз? В — sin^ В = бап? A. 
[ From the given relation, 2 cos*4—1-tan*B 
9 cos? 4 — 1-- tan? B = sec? B, 
г. 2cos*B=sec7A=1+tan?4; ,, 9 cos?B-1-tan'A 
4e, cos*B--l—sin*B—1-tan?4.] 
20. Ifsin*e+sin*¢=1, then tants — tan?z = 1, 


21. Show that the difference between 3 sin*0 -9 sin?0 and 
2 сов%0- 3 cos*0 is the same for all values of 0. . 


[ (3 31040 —2 віце) —(cos*6—3 cos*0) 
=$ (віп“0--сов“0)-2 (віп”0--соз90) 
M =3 (sin*0-- cos*0) —2 (51020 + cos?0)(sin*6 + cos*0 — sin*0 cos?) 
=3 (sin*0- cos*0) — 2 (sin*0 + cos^0 —sin?0 cos?0) 
= sin*0-- cos*0-- 2 51130 соз?0 = (sin?0-- cos?0)? 1. ] 
_Т аш 0 
os 0 


з/п tan^4 = 1 +9 бап? В, show that cos? B — 9 cos? A. 
[ 1+tan*A=2(1+tan?B). .'. sec?A=2 sec?B. ] 


l-sin6. 


22. На EEG 


› show that = 
т 


24. Ifsina-cos а=1, then sin a- cos a= +1. 
25. Ifa cos 0—b sin 0 =c, then show that 
а sin 0 +b cos 0 = + Ja? 4-D3 — c?, 
26. If(l-sin z(1--sin y)(1-- sin 2) 
= (1 -sin 2)(1 - sin yX1 - sin 2), 
prove that each is equal бо + cos 2 cos y cos 2. 
Г Multiplying both sides by (1+sin z)(1--sin y)(1-- sin 2), 
we get (1+sin z)'(1--sin y)*(1+sin а) (1—sin?z)(1 — sin*gJ(1 —sin?2) 
= 60875 cos" y соз?з. 
Extracting the square root of both sides, the reqd, result follows, 1 


- 
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97. liz sin?a- y cos?a = в a cos a, and 
æ sin a— y cos a—0, then с? жу" —1. [C. U, 1937] 
Ісвіпа-усоза-0. .. твіп а= соз а. 


. т. М . з 
"" oos nce amk suppose. .*, z=keosa,y=ksina; substituting these 


values of д and y in > sin*a-- y cos*a—sin a cos а, we get k sin а cosa (вата 
+ cos?a) —sin а cos а, SS k=l, 1. т-соза and у=вїп а, Hence, 
22+)? = соз?а-++вїп?а = 1, 1 


АРА 
4 1+sin 2 sin у 


соз тс 
боз Me ee ОЗ СОУ M 
1+sin z sin y 


t H 2 
[9421-ma-i- [RETE] 
—(1+sin 2 sin у)2- (sin z--sin y)*. 
(1--віп g sin у)? 
Numerator = 1--sin?z віп? —sin?z —sin?g 
= (1— sin?z) — sin?y(1—sin?z) 
= (1— sin?z)(1 - sin?y) = cos?z cosy.~ 
cos? соз?у | 
(1+sin т sin у)? 
29. (i) If sin a-- cosec a=2, then sin"a + совес”а = 2. 


[sin «+ =9 i.e., (sina—1)?=0, .'. sin а=1, cosec а=1. 1 


» show that 


1. с0874- Now extract the sq. root. | 


sina 
(ii) If sec а = вес В sec У + tan В tan у, 
then seo В = вес У sec at бару fan а. 
[ (sec a— sec В sec y)?=tanf бап?у = (sec*8— 1)(sec* — 1) 
whence (sec B —sec а вес гу)! = (seo? - 1)(sec?a — 1). ] 
4 1,4 4 4 
cos 2, Sin T cos y, Sin У 
+= “1, then +. сі. 
30. 1t cos?y sin*y Е 7 сов sin*z 
[1st relation із cos*z віп? + віп“ cos? = соз?) віп?у, 
or, cos'z sin? g-- (1 — cos?z)?.cos*y — cos? y sin*y, 

cos*z (sin? +cosy)—2 cos?z cos? у + cos? (1 — їп?) 0, 


or, 
or, cosz—2 соз? соз? + cos* y — 0, 
or, (сова -сову) = 0, < or, cos?z = cos? y. 


L, В. of 2nd relation = cos?z--sin*z—1. 1 


“ вадат .'. 


CHAPTER III 
TRIGONOMETRICAL RATIOS OF SOME 
STANDARD ANGLES 


871. Ratios of 30°. 


Let the angle ХОР, which may be supposed to be traced out 
— 


by а revolving line starting from OX, be 30°. Let PN bedrawn 


ET 
perpendicular upon OX from any 
ER 


point P оп OP. mZOPN is 
then 60°. 


Produce PN to Q, making 
NQ=NP. Join OQ. The triangles 
PON and QON are easily seen 
to be equal in all respects, and go 
mZOQN=mZOPN=60°. Hence, 
the triangle OPQ is equilateral, 
and so OP = PQ=double of PN. 


Hence, in the above figure if PN=a, then OP=2a and во 


ON= JOP*—PN*- „/4а-в= „За. The sides ON, PN and 
OP are all positive in this case, since the angle is acute. 


Hence, 


sin 30°=sin mZ PON = 


ОМ 
сов 30 OP 


‚РМ 
tan 30 N 


созге 30° = 


zy 
sin 30* 


PN.a.1 
(0) 277017 0) 
- За. «/З 
2a 2 
Np 
8 - 


=2 


openly PIT 
вес Ар “сов 30° ,3 
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872. Ratios of 45°. 
Eu - 
Let ти ХОР-45% РМ is perpendicular on ОХ, In the 
right-angled triangle PON, m L PON — 45°. 
Therefore, mZOPN is also 45° and so ON - PN—a suppose. 
Then OP= JON* * PN* = Ja? ta? = а A9. 


Hence, 
; ence ? 


ч у йр: Ч 
sin 45 = бр i 


SON eed 
cos 45 "ор à 4,2 
= РМ. 
tan 45 ох 1 
вес 45° = созес 45° = 4/9, 
cot 45° —1. 


3'8. Ratios of 60°. bd 
LetmZXOP-60. Now, PN being perpendieular upon OX, 


зо» БА H 
along NX cut ой NQ=ON. Join PQ. Then the two triangles 
OPN and QPN are easily seen 


to be congruent. Hence, m РОМ 
=mZPON=60°. Thus, the 
triangle POQ is equilateral, and 
so OP = OQ = double of ON. 


If ON ^a, then OP = да and 
hence PN — ЈОР“- ON? = а 8. 


а N X 


А өү РАДА З 

Then, sin 60 OP» 
о ОМ 

cos 60 ор“? 


ves Peri 
tan 60 ON NES 


1 = г- 3, 

соб 60° = ја! вес 60? = 9, cosec 60°= J3 
Note. It may be noted from the values of the ratios that sin 60° 
tan 60°=cot 30°, eot 60°=tan 80°, sec 60° 


=cos 30°, cos 60°=sin 80°, 


40 Н. S. TRIGONOMETRY 


= созес 30°, созес 60° = вес 30°. It will be proved more generally, in the next 
chapter, that for апу two complementary angles sine of one is the cosine of the 
other, and vice versa, tangent of one is the cotangent of the other, and 
secant of one is the cosecant of the other. The angle 45° being its own 
complement, therefore, it should have its sine and cosine equal to ono 
another, as is actually seen to be the case, 


874. Ratios of 90°. 
Let XOP be an acute angle very nearly 90°. PN being 
> 


perpendicular upon OX, ON is extre- 
P mely small, and as mZ ХОР approa- 
ches more and more to 90°, ON becomes 
smaller and smaller. The length OP 
may however remain finite, and PN and 
OP will approach each other more 
and more closely. Ultimately when 
mZXOP becomes 90% OP and PN N 
coincide, and ON becomes zero ulti- 
mately. Hence, the ratio PN/OP be- 
comes 1 and ON/OP becomes zero. 


---------м 


о 
ж 


X Thus, sin 90°= PN inthe limit=1 


о ОД. ры 
сов 90 op in the limit 0 


tan 90° = ОМ in the limit се (infinity) 
(since ON — 0, whereas PN remains finite) 
о cos 90° 0 _ 
нот О 
совес 90° = 1, вес 90° = OP/ON in the limit = со a 


* The symbol со is used to denote a quantity which exceeds any positive 
number, however large, and does гоё represent a definite number. 

ТЕ should be noted that in determining tan 90°, we may start with an 
angle ХОР, slightly greater than 90°, (i.e, in the second quadrant), and make 
it approach 90°. Then ON will be negative and > 0, whereas, PN is positive. 
Accordingly we may also write tan 90*— --со, Thus strictly speaking, wo 
should write tan 90° = + оа. Similar remarks apply for seo 90°, cot 0°, coseo 0°. 
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8:5. Ratios of 0°. 
P 


о N X 
Let ти ХОР be an infinitely small positive angle, and let PN 


Ex 
be perpendicular on ОХ. 

Then, PN is infinitely small, whereas OP is finite. Now, if 
m ХОР be taken less and less and ultimately becomes less than 
any quantity we can assign, we denote it by zero, and in this 
case PN practically vanishes, whereas OP and ON remaining 
finite, coincide. Hence, the ratio PN/OP becomes ultimately 
zero, and ON/OP becomes 1. 


Hence, віп 0°= РК in the limit=0 


о ОМ. ду 
сов 0 op i? the limit 1 


ОНА) 
i ор T 9 


Е 
cot 0 py it the limit 


КОРА: A. 
cosec 0 pu the limit 


€ 
о 


вес 0°= 5 
соз 0 


Note. Note that 0° and 90° being complementary, 

sin 0° = cos 90°=0, сов 0°=sin 90° —1, eto. 
3'6. As the ratios of the standard angles 0°, 30°, 45°, 60° and 
90° are very often used, they should be remembered very carefully. 


* 8ге foot note of Art, 974. 
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The first three ratios are given in the tabulated form below. The 
other three are reciprocals to these. 


angle sine | cosine tangent 
0° ог 0* 0 1 0 
| 
30° or 7 б A T 
45° or ^ = | З il 
60° or 2 4 МЕ 5 КЕЈ 
90° or 5 1 | + о 


мюБЪ—ьь у 

Note. The following device may be of use in remembering the sines 
and cosines of standard angles. The sines of the angles 0°, 80°, 45°, 60°, 90° 
aro respectively the square roots of the fractions 


55484 


and cosines of these anglcs are the quare roots from right to left. . 


87. Illustrative Examples. 


Ех. 1. If 6=30°, verify that cos 29 =1— tan". 


1+ ат? 
1 
Here, соз 20-сов (ra Also tan @=tan gd 
, 1-tn?0 1-4 1. 
"" T+tan20 145 2 


1-tan'8 


Hence, сов 20= tan? 8 
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Ex.2. Verify that 
sin 30° = sin 60% cos 30° — cos 60° sin 30°. 


The right-hand side, on substitution of the values, 
сы %- тете e 
= . 1.2 З 8-80 80. 
Hence the reb 
Ех, 3. Solve for 0, where 0 isa positive acute angle, given cosec 9 coL 0 


=2 3. 
1 21 ,cos8 
From the given equation, 574‘ cin б =9 4/8. 
or, cos 0—9 y3 віп?0 = 2 к/З (1—cos*6), 
whence, 2 4/8 cos?0 + cos 0 — 2 N3=0, 
—14 /1+48_ 147, 


giving cos 0 є 4,8 4,3 
Since 0 is a positivo acute angle, cos 0 is positive, and so rejecting ihe 


negative value, 
= сов 90° т, 
сов 59-255 8774 cos 80°. 2% 0=30° ie, 6 
Ех. 4. Evaluate (sin ёт + соз ёт)(зіл Ат — cos іт). 
Given expression (sin 80° + cos 30°)(зїп 60° — сов 60°) 
1,49 8 1 
- (3+3) 2) 
= N3+1, к/8-1 е 8-1 1. 
EGIT LAT CR oe 


бр 


Ех, 5. If А=30°, prove that sin ЗА 9 sin А-4 sin' A, 


sin 8 А =sin 90° =1 
8 віп 4-4 sin*4 —3 sin 30°— 4 sin*80° 
23.3-4.()! 21-371. 


Hence the result. 


Ех. 6. Find = from the equation 
cot? 80° sec 60° tan 45°, 


ant cast АБ 
ieee 20; 0021 is cosec? 45° созесв 30° 
cot? 30° вес 60° tan 45° 
©= іп 80° сов? 45° cosec* 45° cosec 30° 
/8)? .2. - 
(јан Ва аа 


ЕЈ 
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Ех. 7. Solve the equation 
N38 cos 0 —sin 0-1, 
From the given equation, 
N38 cos 6-1-віп 0, 
di (V3 cos 0-1)? =sin?@=1—c0379 -= (1) 
+", 4 c0878-2 /3 cos 0=0 ien coo - AB cos 0-0, 


Lo cos 0 (возд зо 


"є either, cos 0=0, or, cos де AB. 


s. 00290? or 0=30°, 
Since 0 — 90? 


does not satisfy the given equation, 
9=30°. ыы 


hence the answer is 
$ ка 
Note. Tho solution =90° 


is called an extraneous solution, Tho valuo 
К 
090? comes in bacausé the give 


n equation is solved by squaring. Tho value 
9=90° is a solution of thé equation 4/3 соз 9+1 0-1, фе, „/3соз 0-1 


=—sin 0, which when squated gives the same rolation as (1) above, 
ап equation is solved by squaring, care should be taken to verify whether the 
Solutions satisfy the given equation. For 8 batter and alternative method of 


Solving such equations, see the chapter on Trigonometrioal equation which is 
given later, е, 


So when 


HAT... lan 64* —cot 26° MT 
Ex. 8." Show that cot 64°F tan 906°. {21 64° cot 26°, 


Left side = an 64° + соё 96° 
tan 64° +cot 26° 
1 1 
tan 64°* cot 96° 
tan 64°+ cot 96° 
обе рз = tan 64° cot 26°, 
tan 64° cot 26° 


Examples III 
Verify the results (Ez. 1 to 6)... 


1. 1-2 sin*30*—2 cos*30°- 1 — cos 60°. 


9 tan 30° 
2. јо“ Ја 
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л л «л . в СС л л я 
3. сов 2c03 7 tsingsin = віп 7 сов = +605 т sin 2” 
3 gem 6 ЖБ 


4 4 4 
н _ tan A t tan В y 
4. (i) tan (4 ЖЕ) = Те КЫТАЕВ ЕН 


(ii) cos А = соз В – sin?B, where А = 60“, В=30°. 
5. sin 34=3 sin 4-4 sin? А, where A= 2; 
6. cosec?45? вес*30° (sin?30? + 4 со4745%- вес260°)= 4. 


7. Іво? 4 — 008" 3 =@ sin d cos jum з! find т. 


8. If0 be a postive acute angle, find 0, when 
(i) 2 sin*0 —3 cos 0. 
(ii) tan 0 + cot 0-9. 
(iii) cosec?0 +5 — 3 ,/8 соб 0. 
(iv) sin 0 + соз 0— „9. 
(v) 2 (cos?0 — віп?) 2 1. 
(vi) 6 sin*8 - 11 sin 0+4=0. 


sin0—cos 0 1- NE} 


vii) sin@+cos@ 1+ V3 
[ Apply Componendo-Dividendo 1 


9. Given 0 and $ to be positive acute angles, and tan (0 * 4) 
= „/3, tan (9 — 4) = 1, determine 0 and $. 


10. Find a and В (а and 8 being positive acute angles), if 
sin (2a - 8) - 1. 
and соз (а+8)=$. 
11. Find 4, B, C (A, B, C being positive acute angles), if 
віһ(В%0- 4-1, 
сов(0+4- В) =1, 
ава tan(4+B-O)=1. 


c NER ЕС 
> таж 
«2 жо 


es 
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ГА, В, C being positive acute angles, 4+B-C, B+C—4, О+А-В 
must all lie between 180° and —90°. Now within this range sin (B+C —4)= 1, 
cos (C+A—B)=1, tan (А+В-С)=1 give respectively В--0-А- 90°, 
С+А-В=0° and А+В-С=45°, From these three, adding two by two, we 
got А=294°, B=674°, C=45°. 1 


12. Find the numerical values of :— 


: 8 
@ cot? § -2со = g seo? 4-4 sec? 7. 


(ii) З бап745%- sin*60* — + cot?30? +4 sec245°, 


ANSWERS 
СҢ 


8. (i) 60°, (ii) 45°, (iii) 30° (There is another angle which is not 
one of the standard angles), (iv) 45°. (v) 30°. (vi) 30°. (vii) 30°. 

9. 0= 524°, ф=т4°, \ 10. а=50°, 8—10*, 

11. А=294°, В=673°,`0=45°, 12.0) —33. — (i) 1. 


OHAPTER IV 
EASY PROBLEMS ON HEIGHTS AND DISTANCES 


4'l. One of the most important applications of Trigono- 
metry is in the determination of heights and distances of distant 
objects which are not directly measurable, by observations of 
angles subtended by those objects at the eye of the observer. 
These angles may be measured by instruments known as 
Saxtants or Thaodolites or by other angle-measuring instruments. 
Thus, Trigonometry plays a very important part in land survey. 
It is also extensively used by Astronomers is determining 
the distances of the heavenly bodies like the sun, moon: and, 
stars. 


Two angles are very often used in the practical applications 
of Trigonometry, and they are defined as follows :— 


- 

If а horizontal line ОХ Р 
be drawn through О, the 
eye of ап observer, the 
angle which the line joining 


сета йо" 


Еко 
О to a point P above OX angle of depression 


makes with ox is called 
the Angle of Elevation 
or altitude of P as seen Q 
from O. 


A 
It Q be below the horizontal line OX, the angle XOQ measured 


below ox is called the Angle of Depression of Q as seen 


from 0. 
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4. Illustrative Examples. 


Ех. 1. From a distance of 40 feet from the foot of a palm tree in а 
horizontal field, the angle of 
elevation of the top of the tree is 
observed to be 60°. Find the height 
of the tree. 


Let h ft. be the height of the 
tree PN, and Z NOP, the angle of 


elevation of P as seen from 0, 
where ON — 40 ft., is 60°. 


Then, 2- tan т/ РОМ = 


х tan 60° = ,/3 ; 
o 405. N 2. h=40 N3 ft. =69'98.. 


5/4 Ех. 2. From one bank of а river, the top of a building just on the opposite 

bank is observed to have am elevation of 45“, Ол receding 50 ft. from the 
bank, perpendicular to its 
edge, the angle of elevation 
becomes 30°. Find the 
breadth of the river, and 
the height of the building. 


AQ being the breadth of 
the river, PQ the height of 
the building, т/ PAQ = 45°, 
Also, AB being 50 іш, 
ти PBQ-80*. 


Now, ВО сов 30°, 2A 45°. 


Hence, subtracting, 42 $0" = cot 30° — cot, 45°, 


50 _ cS 
or, во“ NB 1: 


50 _50(,/3+1) 


" 7978-1 i ^ ©  =68'3 ft. nearly. 


4Q t4 els s E POM 
Also, 50-0045%-1;  AQ-PQ-683 tt, 
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Thus, the breadth of the river and the height of the building are both 
68*3 ft. nearly. 

Ex. 3. The angles of арте» and elevation of the top of a tower 50 ft. 
high from the top and bottom of а second tower are 60° and 20° respectively, 
Find the height of the second tower to the nearest foot. | Given cot 20° = 2:747. 1 

PQ is the second d'tover, and т/ ХРА-60?, т/ BQA=20°, АВ=50 it., 40 


is parallel to BQ ог Px, so that mZ.P AC — the alternate angle ХРА= 60°. 


. Now, QD = cot 20° ; г, ОВ= AB cot 20°, рер но --X 
760? 


Also, РО. tan т/ РАС —-&an 60°; 


РС= СА tan 60° = QB tan 60° 
= AB cot 20° tan 60°. 


.". height PQ=PC+CQ=PC+AB 
= AB (cot 20° tan 60°+1) 
= 50 (2747 x қ/8--1) 
= 981:8... 16. =288 ft, nearly. 


50 ft. 
Q B 


Ех. 4. The elevation of a hill from a place P due Hast of it із 45^, and at 
a place Q due South of P, the elevation із 30°, If the distance РО be 400 yds., 
A find the height of the hill. 

А is the top of tho hill, B is 
the point vertically below it on the 
ground. BP is due East, PQ is due 
South, so that ВРО is a right angle. 
Also ABP and ABQ are both right 
angles. 


Now, ZO cot mZAQB=cot 80°= N3, 


P BP 2 
різ \ І and Арест APB cot 45* — 1. 


400 yd8. tence, В0- AB N3, ВР- АВ, 
M and PQ*-BQ3-BP'- АВ? (8-1) 
Q ЕУІ 


/ 
, 
$ 
1 


4 в-29 -29. Ja=200 2» 269 yas. nearly. 


H.S. Тг —4 
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Ма 5. Find the angle of elevation of the sun when the shadow of a роїв 
60 feet high, is 20 ,/3 yards long. | 
Suppose S is the sun, БО is the pole and ZB is its shadow. | 
S ". BC=60 ft. | 
4B —90 3 yds.=60 ,/8 ft. 
с б. from the right-angled- triangle 
АВО, we get 


=BC__60_ 
tan 4— 197 80,8 


1 o 
= yan 80°, 


| But / А, ie, / TAS is tho required 
A B T angle of elevation of the sun S. 
the required angle of elevation is 30°. 

Aes 6. Find the height of a chimney when it is found that on walking 
Е it 250 feet, in а horizontal line through its base, the angular elevation 
changes from 45° to 60°. 

Suppose AB is the chimney, B is its B 
top. The angle of elevation of B, changes 
from 45° to 60°, as the observer passes 


from C to D. 

.. CD=250 ft, 

Now, tan 4-48, 
4. AB=AC, 

o 4B 
tan 60°= р 
"є ар--4В АВ, с D A 
tan 6027 ,/ҙ 250 ft 


КЕЈ Nm 


б = 9504/3 _950,/5(,/5 
у АН (43-1 ВОЈ това. N3) ft. 


Қ х. 7. PQR isa triangle and 8 is the projection of P оп QR produced. 
Tf mZ.PQ8 =30", mL PRS=45°, and QR=2 fi., fing p. ГО. U. 19511 
Bince S is the foot of the perpendicular from P on QR produced, 
". mZPSR=90°. 


250=CD= 46-др-дв_4В_ дь, N8—1 
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Now, from the right-angled triangle PQS, “ mZPQS=80°, 
2. -l =tan 30°=28, 

.. QS=PS кВ, 

ог, QR+RS=PS „В, 

or, 2+RS=PS 3. + (1) 

Again, from the right-angled 


APRS, "" LZPRS=45°, 
^s. tan ape Ts. са 8 
PS-nRS. зб 
Hence, from (1) we can write 
24+RS=RS Ја, 
: 23 90/81). 
„а вве бор 8+1. 


Ех, 8. From ат aeroplame vertically over a straight horizontal road, the 
angles of depression of two consecutive milestones on opposite sides of the 
aeroplane are observed to be a and B. Show that the height in miles of the 
aeroplane above the road is given by 

tana tan В, Го. U. 1952 J 
tan a+tan В 

Suppose A isthe aeroplane, B and С are two consecutive milestones. 

BC=1mile. From the given condition, т//.АВС-а and mL ACB=8. р 
Draw AD perpendicular to BO. Let AD=h. Then h is the required height 
of the aeroplane. 

A Ко —= = Now, бап an 22. 


AD 
DD 


Again, tan в- 49. 


AD 
22 tan B 


D 0 But, BD+CD=BC=1 mile, 


Ар, AD _AD (tan a--tan В), 
t 1 шіе= ВР+0р= апа tang апаќап В 


tan a tan 8” 
{+ AD=h= ign at tan В 
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Examples IV Key M 


J 1. From the top of a tower by the seaside, 100 feet high, it 
was observed that the angle of depression of the bottom of a ship 
at anchor was 30°. Find the distance of the ship from the 
bottom of the tower. 


Ј 2. Two straight roads, which cross one another, meet а river 
with straight course at angles 60° and 30° respectively. If it be 
8 miles by the longer of the two roads, from the crossing to the 
river, how far is it by the shorter? If there be a foot-path 
which goes the shortest way from the crossing to the river, what 
is the distance by it ? 


8. Two poles are of equal height ; a person standing midway 
between the line joining their bases observes the elevation of 
the poles to be 80°. After walking 40 feet towards one of them, 
he observes that the same pole now subtends an angle of 60°. 
Find their height and the distance between them. 


ы 4. А straight palm tree 60 feet high, is broken by the wind 
$ not completely separated, and its upper part meets the ground 
at an angle of 30°. Find the distance of the point where the top 


of the tree meets the ground, from the root, and also the height 
at which the tree is broken. 


+ 5. Two posts are 190 ft. apart, and the height of one is 

у double that of the other. From the middle point of the line 

Joining their feet, an observer finds the angular elevations of 

uu tops бо be complementary. Find the height of the shorter 
rn ” 

[ЯВ being the shorter post, OD being the longer, Ср=24В. Also О 

being the mid-point of BD, the line joining their feet, BO=OD=60 ft- 


(.' BD=120ft.). Again the angle ДОВ being 0, the angle COD is given to 
be 90? — 6. 


Now, ibe tan 0, 2р = ап (90° — 0), 


AB.CD 
"" BO.DO 
.. AB.CD-BO.DO, or AB.24B —60.60. 


60 
207 80,24.1. 


=tan 0. tan (90° — 0) 2 tan 0 cot 0-1, 


з 
ү. 4В?=буз or АВ= 


* 


V ABG- ,/8)=4(8— A/S) miles. 
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6. The Bally Bridge subtends an angle of 45° at a given point 
at the edge of the river ; 800 yds. higher up, it subtends an 
angle of 30°. The course of the river here is straight and per- 
pendicular to the bridge. Find the length of the bridge. 


7. The height of a house subtends а right angle at ап 
opposite window, the top being 60^ above & horizontal straight 
line through the window ; fnd the height of the house, taking 
the breadth of the street to be 30 feet. 


vg. From an aeroplane vertically over a straight road, the 
angles of depression of two consecutive milestones are observed 
to be 45° and 60° ; find the height of the aeroplane. 


[ O being the aeroplane, С being the point on the ground vertically below 
it, le& 4 and B be the two consecutive milestones, 50 that AB=1 mile. 


--> 
If X'OX be the horizontal through O, the angles of depression of A and B 
are 45° and 60? respectively. Thus, mZ ОАС=45° and mZOBG=60°. Now, 


40 - cot mZ 040 c cot 45°=1 and BO со т/ OBO c cot $e у EI 
в. лгі, 


Sota P endi 
А) КЕЈ 


and В lio on the same side of C, ther 407 -1- 18 


.. ос-4В >В ав (8+ JB) -3(8-- „ЈЗ) miles. Ми С is between 4 and B, 


AC-- BC 1 АВ 1 s EmA) 
we have — ОС с oF o0 ts so that 00- АВ (E 


Thus, the height of the вегоріапеє ОС 
=4(8+ 8) miles. ] 

9. From a ship sailing due South-East аб the rate of 5 miles 
an hour, а light-house 18 observed to be 30? North of Bast, and 
after 4 hours, it is seen due North; find the distance of the 
light-house from the final position of the ship. 

40. The shadow of а tower standing on а level plane is found 
to be 40 feet longer when the sun's altitude is 45? than when 
it is 60°. Find the height of the tower. 


41. From the lower window of a house the angular elevation 
of а church-steeple js found to be 45° and from & window 20 feet 
above, the elevation is 3 ° How far is the church from the 


house ? 
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12. A light-house facing East sends out a fan-shaped beam of 
light extending from В. Е. to М.Е. An observer sailing due 
North, after meeting the light continues to see it for 10 /2 
minutes. When leaving the fan of light, the ship is 10 miles 
from the light-house. Find the speed of the ship. 


[ Let L be the light-house facing due East, ALB the fan-shaped beam, 
E- 


— - 
extending from S. E. to N. E., so that LA is S, E, and LB is N.E. АВ 
being the direction due North in which the ship sailing, B is the point where 


A 

the observer leaves the fan of light and LB=10 miles, Now, since LB i8 
=> 

N. E., and АВ due North, .. mZ LBA=45°, (d АВ ре 45° and so АВ 


=LB вес 45°=10 „/9 miles and this is described by the ship in 10 ,/2 minutes. 
The speed of the ship is therefore 1 mile per minute i.e., 60 miles per hour. 1 


13. А pole 100 ft. high stands vertically at the centre of & 
horizontal equilateral triangle, each side of which subtends an 
angle of 60° at the top of the pole. Find the side of the triangle. 


14. Two chimneys are of equal height. A person standing 
between them in the line joining their bases observes the elevation 
of the nearer one to be 60°. After walking 80 feet in а direction 
at right angles to the line joining their bases, he observes the 
elevations of the two to be 45° and 30° respectively. Find the | 
height and the distance between them. 


[Let PA and QB be the chimneys of equal height h, and O a point on 
the line АВ joining their bases, A being nearer to О. т/ РОД ів given = 60“, 
ТЕ 00” be perpendicular to ЯВ and=80 ft., m/.PO'A is given=46° and 
т/.90'В=30°, 


Now, 94. со mZPOA=cot 60% and SA cot 45°=1, 


7. OA=PA cot 60°= э and 0'A— PA =}, 
2. from the right-angled triangle О’ОА, 0' Аз = Q'g3 4. 042, 


а x 
e усвои, whence A 80, [540 NB ft. 


Again, Bo =cot 30° or BO'=BQ cot 80* -1, y3. 
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BO= „ЈВО“- 00? = „/3һ*—80% = ,/3.40%.6- 80? 
—40 A/14 tt. 


Thus, ав=0в+04=08+-7.=40 ЛАЗО ха 
=40 J2( J7+1) ft. 1 


15. At the foot of a mountain the elevation of its summit is 
45° ; after ascending 1 mile towards the mountain up an incline 
of 30°, the elevation changes to 60°. Find the height of the 


mountain. \ 


16. From a station, two light-houses A and В are seen in 
directions North and 30? East of North respectively ;if A were 
one-third as far ой as it really is, it would appear due West of B. 
If the distance of В from the station be 10 miles, find the 


distance of B from A. 


17. A person walking along a straight road observes a tall 
tree standing in front of а tower, both being on the road before 
him. The elevation of the top of the tower is 45°, and of the 
top of the tree 30°; on advancing 100 feet he finds the tower 
and the tree to have the same elevation 60° ; supposing the 
height of the eye of the man to be 5 feet, find the height of the 
tower and of the tree. 

[ Let P be the top of the tower, 

and ОМ the verticals through Р and Q, 
<> 

first position, OO'MN the horizontal through O. Then, mZPON=45°, 

mZQOM=30°. On advancing 100 ft., let О’ bo the eye of the observer, so that 

ОО! -100 ft, Неге, mZ.PO'N-mZQO'M-60*, so that О’, А, P are in 

one straight line, Now, т/ 0д0 =mZ.Q0'M—mZQOM= 60° —80* = 30* 


шт/ 400". Henco, 0'9= 00'=100 16 Now, gg sin mZQO'M=sin 60° 


Q the top of the tree in front of it, PN 
О tho eye of tho observer in his 


= 58, iy арй o'Q ^P - so Мањ. As Oor О' or M is at a height 5 ft, from 
the ground, height of Q from the ground, which is the height of the tree is 
50 ^/3-+5 ft.=91'6......f6. 


Again, Q- cosec т/ QOM=cosec 80°=2. .. 00-20М-100 N3 ft. 
т/ рОдет/ PON -mZQOM=45°— 30°=15°, and mZ OPQ 


Now, 
=m 0Q0' - т/ Q0P-80* -15* 215^ -mZ POQ. 
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г. QP=0Q=100 X3 ft. Also, as proved before, QO’=100 ft. 

“. OP=0'Q+QP=100( /3+1) ft. 

As ЖУ -sin mZPO'N=sin вот? py c op УЗ Бон y3) tt. 
4. the height of the tower- 50(34- МЗ)+5 ft.—941'6 fe ] 


18. А шап on the top of a rock rising on а seashore, observes 
а boat coming towards it at an angle of depression 30? ; 10 minutes 
later the angle of depression is 60°. The height of the rock being 
4000 feet, find the speed of the boat in miles per hour, 


19. Ап aeroplane leaves the earth at the point A and rises 
vertically upwards at a uniform speed. At the end of 15 seconds 
an observer standing at a distance 1320 feet from A, finds the 
angular elevation of the aeroplane to be 45°. Show that the 
speed of the aeroplane is 60 miles per hour. 


[Let P ba the position of the aeroplane at the ond of 15 seo, and В ba 
the position of the observer, Then AB=1820 and т/ АВР= 45°, Then from 
the right-angled triangle ABP, tan aj ear. .. АР-АВ-1990. .. the 


Aeroplane rises 1820 ft, in 15 sec, its speed in miles per hour — 60, 1 


20. ABCD is а horizontal line. It meets two lines AP, DQ, 
drawn vertically upwards at A and D. If BC=a and if the 
angles of elevation of P from B and О are 0 and $ respectively 
and those of Q from В and О are 0" and ф' respectively, show that 


= _@ cosec 0 
cot ф- cot 0 


e LE 

gas ar соти 

[Join РВ, РО. Let АВ=х, AP=y 
z-— cot 0, £-a-ycot ф 

"є y (cot $— cot 0)-а, 
From ДАРВ, BP=y cosec Ө. 
From (1) and (9) first result follows, 
Similarly, the second result follows, ] 
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21. A person walking along & straight level road observes the 
elevation of the top of а hill to be 60? when he is nearest the hill, 
and after walking 200 yards in а direction perpendicular to the 
direction of the hill from this point, observes the elevation to be 
30°, Find the approximate height of the hill. 

[Let А be the top of the hill, of which the vertical height AB=h yds. 


say ; О being the point nearest the hill, let 00' be perpendicular to OB and 


=200 yds. mZAOB is given=60° and mZ.40'B-30*. Now, OB cot 60° 


or OB=AB cot s=; also ОВ cot 80°, or O'B=AB cot 30=h N3. Ав 


a 
0'B*—OB* 200", wo got 8h? ЗУ =200?. Hence, #*=900* x 4, ог h=50 б 
yds, =367'38 ft. nearly. 1 


22. A square tower stands on a horizontal plane. From & 
point in this plane, only three of its upper corners are visible, 
and their angles of elevation are 45°, 60°, 45°. Find the ratio of 


the height of the tower to its breadth. 

[ Lot О Ље the point on the horizontal plane from which the elevatio: 
the three visible upper corners P, В, Q of the square tower are respectively 
45°, 60°, 45°. The feet of the verticals through P, R, Q on the ground being 
A, О, B, they aro the corners of the square base. Then, mZ РОАст/ QOB 
=45°, ти ВОС-б0?. As mZ.POA- mZ.QOB, О lies symmetrically with 
respect to A and B and so lies on the biseotor of the Z АСВ produced outside 


the square base. 


ns of 


AO 
Now, В being the height AP or RO or QB of the tower, 7) < cot 45°=1. 


h — 
s. d0=h, Also, <0- cot DER 1. 009 Лу 1 AO, the side of the 


aquaro base 4,0. the breadth of the tower be a, and AD be the perp. on 00 
(produced inside the square base), then Ар=бр=-% (triangle ADC being 


olearly an isosceles right-angled triangle). 
Hence, from the triangle ADO, 40* = AD? -- DO’, 


whence у мб (5) -з=0. 
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Сы а БЕ урна ( rejecting the negative value of %) 


=4 vö (J5+1).) 


23. Two wheels, the sum of whose radii is 10 feet, are placed 
flatly on а table with their centres аб a distance of 20 ft. An 
endless string, quite stretched, is partly wrapped round the 
wheels and crosses itself between them. Show that the length of 
the string is nearly 765 feet. 


24. On a still day, from a station A an airship is observed due 
North at an elevation of 60°, while from a station B it is observed 
due Hast at an elevation of 45°. At this instant of observation, a 
parachute message is dropped from the airship, and the observer 
at 4 has to walk a mile to reach the message. Find the distance 
between the two stations. 


[Let A, B be two stations, P the position of aeroplane, РҮ perp, on the 
horizontal ground. Then AN is due North, and mZPAN=60°, AN=1 mile. 


S. PN=AN tan 60° = J3. Again, BN is due East and mZ.PBN 45". 
S BN=PN= „3. .', А В*=А№+ ВМ? =3+1=4. AB=2 miles, ] 


25. From the foot of a column the angle of elevation of 
the top of a tower is 45° and from the top of the column the 
angle of depression of the bottom of the tower is 30°, A man 
walks 10 ft. from the bottom of the column towards the tower 
and notices the angle of elevation of its top to be 60°. Hind the 
height of the column. 


ANSWERS 
1. 100,8 tt, 2. 2'89... miles ; 2} miles, | 3, 90,8 ft. ; 19015. 
204/8 ft. ; 204. 5. 90,0. 6. 400 (./3-+1) yds. 
40 „3 ft. 8. З(З- ,/3) miles, 9. 229 milesnearly- 
10. 94°64 ft. nearly, 11. 47:33 ft. nearly. 12. 60 miles per hour. 
13. 50,/6 ft. 14. 40 6 ft, ; 40 Ја N7+1) ft. 15. 3( 3+1) miles. 
16. 54/18 miles, 17. 24156... it. ; 91'6...ft, 
18. 525... miles per hour, 21. 367:38 ft, 22. 4/6(/5+1). 
24, 2 miles, 25. 1906 ft. 


— 


CHAPTER V 


TRIGONOMETRICAL RATIOS OF ANGLES ASSOCIATED 
WITH A GIVEN ANGLE 0 


51. Trigonometrical ratios of any angle. 


In Chapter II, we have given the definitions of trigonometrical 
ratios of а positive acute angle. Now we shall define the trigono- 
metrical ratios of an angle of any magnitude and of any sign 


positive or negative. 
——> 


—> 
Two perpendicular straight lines X'OX, Y'OY divide the plane 
into four quadrants ХОУ, YOX’, X'OY' Y'OX. Suppose a 
> 


line OP, starting from 165 initial 
=> 


position OX, and revolving in the 

clockwise or counter-clockwise 

direction traces out an angle 0. 

Whatever be the magnitude and 
— 


sign of 0, OP will lie in any one of 
the above four quadrants or along 
the boundary lines of these 
quadrants. Taking any point P on 
ae 


OP, draw the perpendicular PN 


<< 
on X'OX. Then OPN is a right- с 
angled triangle. The trigonometrical ratios of the angle 0 are 


determined by the ratios of the sides of this triangle. Thus, 


5 _ РМ _ opposite side 
sin 6 — “ор hypotenuse 


eg ON _ adjacent side 
сов ©= OP hypotenuse 


a^ PN _ opposite side 
tan = G^ adjacent side 
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9s ОР _ hypotenuse 
60860 9 pN opposite side $ 


М ОР щ hypotenuse | 
вес Ө ON adjacent side 
ON _adjacent side 
PN opposite side 


cot 6= 


As in the case of the acute angle, here also 
vers 8—1-— cos 0 } 
covers 0-1- sin 0 
5°2. Signs of Trigonometrical ratios. 
It is conventional, as in graphs, to consider distances measured 
=> — — — 
along OX and OY as positive and along OX' and OY' as negative. 


о 
The distance measured along OP, the final position of the revol- 
ving line, of any angle, is however always considered positive in 
whichever quadrant it lies, 


— * d 
If OP lies in the first quadrant, PN, ON, OP will be positive. 
Hence, all the trigonometrical ratios will be positive. 


си 
If OP lies in the second quadrant, ON will be negative, Р.М 
and OP are positive. Hence, sin 0 and cosec 0 will be positive 


T H AE 
and other ratios will be negative. If OP lies in the third quad- 
rant, ON and PN will be negative and OP positive. Hence, tan 9 
and cot 0 will be positive and other ratios will be negative. 


и 

If OP lies in ббе fourth quadrant, PN will be negative and 
ON, OP will be positive. Hence, cos 0 and sec @ will be positive 
and other ratios will be negative. 
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To remember the signs of the trigonometrical ratios, the 
following diagram is very useful, According to the position of 


OP 


sin all 
(positive) (positive) 

tan ‚сов 
(positive) | (positive) 


Note 1. The positiveness of sine, cosine and tangent implies the positive 
ness of their reciprocals cosecant, secant and cotangent respectively, 


Note 2. It can be easily proved (as in the case of acute angles), that 
the magnitudes of the trigonometrical ratios do not depend upon the size of the 


triangle OPN. 


5'3. Relations among trigonometrical ratios of any 


magnitude. 


As in the case of the acute angle 0, we can establish the: 
following relations among the trigonometrical ratios of the. 


generalised angle 0. 


1 . 4: 
совес6- сіб) sin 9 ЕЕ 


1 = 
веш 97 сов ө cose sec 8 


> tan бе 


1 
QE tan 8 cot 8 


Also, sin?6--cos^0 =1 
1--tan?6 = sec^8 
1+ cot?8 = совес?0. 


[ For the proofs of these identities see Art, 2°3 ] 
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5'4. Ratios of the angle (—6) in terms of those of 0,0 
having any magnitude. 


Fig. (iii) 


Let т / ХОР be 0 and т./. ХОФ described clockwisely be — 20: 
‘From any point P оп OP draw PN perpendicular to OX [ or OX’ 


as Е Figs. (ii) апа (iii) ], ава produce it to meet 00 at О say. 

ow, т/ ХОР (measured anti-clockwisely) being equal to 
m. ХОФ (measured clockwisely), DE DI in all the 
figures, and therefore, the two rt.-angled triangles PON and QON 
are congruent. The corresponding sides are therefore equal in 
magnitude, Considering the signs of these sides according to the 
usual convention, we get in all the figures, 


QN= - PN, and 00- OP 
( both OP and OQ being always considered positive. ) 
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Hence, from definition, 


sin ( ө) == - sino 
ON ON. 

cos (-6) - 95 = ОР 980 
SON LS PN E 

tan ( ө) = 5N ON tan 6 


and the reciprocals of these give; 
cosec ( — 0) =. — cosec 0, 
sec (— 0) = sec 6, 
cot ( - 0) = — соб 6. 
5'5. Ratios of (90* — 6). 


Fig. (iii) 
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Let mL ХОР traced out by а revoling line be 0, and let 


another revolving line, starting from OX trace out the angle 
т Й ХОУ = 90? and then revolve back, tracing out mZ YOQ=0 in 
the clockwise direction, so that m- Х00 — 90? — 0. 


Take two equal lengths OP and OQ along OP and 00 
respectively, and draw РМ and ОМ perpendiculars on Ox. 

If ОР bein the first or third quadrant эз in Fig. (i) and 
Fig. (iii), 00 also lies іп the same quadrant. ТЕ ОР lies in the 
second quadrant as in Fig. (ii), 00 lies in the fourth quadrant ; 


and if OP lies in the fourth, OQ lies in the second, as in Fig. (iv). 

Now, mZ ХОР being equal to mL YOQ, ти PON -mZ ООМ, 

and since OP — OQ, the two right-angled triangles PON, OQM 

аге congruent. The corresponding sides are therefore equal in 

magnitude. Considering signs as well, we get in all the figures, 
QM- ON, ОМ= PN, 0Q- OP. 


Hence, from definition, 
in (90-9) - 5; SQU ON. 
віп (90* - 0) = sin mZ Х00 00 ~ ОР“ “98 6 
сов @0°-ө)- -IN ain 6 


The reciprocals of these are 
cosec (90° — Ө) = sec 0, 
вес (90° — 0) = совес 0, 
cot (90° - 0) = tan 0. 
Obs. The angles (90?- 0) is the complement of 0, and we derive the 
result that for a pair of complementary angles, sine of one is the cosine of the 
other and vice versa, tangent of one is the cotangent of the other and secant 


of one is the cosecant of the other, This was verified in Chapter III in 
connection with the complementary pairs 30° and 60°, as also 0° and 90°, 
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5'6. Ratios of (90^ -- 6). 


25 
Let a revolving line, starting from OX, trace out an {ХОР 
— 0, and further trace out an “РОО = 90°, so that 
mZXO0Q=90° + Ө. 


Q x 


Fig. (iii) Fig. (iv) 
— - 
Саб off ОР = OQ along OP and OQ respectively and let РМ, 
= — 


ОМ be perpendiculars on OX (XO produced i.e. ОХ" where 
necessary). 
— => 
Now, OQ being perpendicular to OP, ти PON =the ccm- 
ent сі ZQOM=mZO0QM and since OP = OQ, the two right- 
angled triangles OPN and OQM are congruent. The corres- 
ponding sides are therefore equal. Considering signs as well, 


we get, for all the figures, 
QM- ON, ОМ“ - PN, 0Q=OP. 


plem 


н. 5. Tr.—5 
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Hence, from definition, 
M ON 
„иа (90°+6) = sin та XoQ « QM... ON = cos Ө 


М RD. с 
вов (90+) = OE -— PN. ~sin ө 


4 4 QM ON __ 
чи“ tan (90° +6) “ОМ =ру= cot 6 
and Considering their reciprocals, 
cosec (90° +8) = вес 6, 
sec (90° +9) = — совес б, 
cot (90° + 6) = - tan 0, 


57. Ratios of (180° — 6). 


У! 
Fig. (ii) 


Fig. (i) 
Lat mZXOP =69 be traced out by a revolving line, and let 
another Tevolving | line, Starting from OX, trace out an angle 180° 
coming up to OX’ ana th 


on revolve back and describe an angle 
OQ —0, so that та X0Q — 189? — ө. 


Two figures are given here, 
— 


and another wit 
figures may easil 


хеҙ 
one with OP in the firgt quadrant 
h OP in the third quadrant, The other two 
y be drawn by the students, 
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Now cut off ОР= 00, and draw PN and ОМ perpendiculars 
55 


Ss 
on OX (ог ОХ” as the case may be). -Then mZ РОМ —mZ.QOM 
and ОР-00. Hence, the right-angled triangles PON, QOM are 
congruent, and so have their corresponding sides equal in 
magnitude. Taking into consideration the signs, we get for all 
the figures, 
QM=PN, ОМ= - ON, 00 = OP. 
Непсе, for all values of 0, 
А о à M PN 
180%-6)- -9М PN. 
sin ( 6)=sin mZ XOQ 007 OP sin 8 


сов (180° - Ө) = оос — cos Ө 


tan аво - 6) = 24 - P = -tan 6 


and so taking reciprocals, 
возев (180° - 0) = cosec 0, 
sec (180° — 0) = — вес 9, 
cot (180° — 0) = - соб 0. 
Note. The first two formule may be expressed in tho form “sines of 
supplementary angles are equal, and cosines of supplementary angles are equal 
in magnitude but opposite in sign.” 


5'8. Ratios of (180°+6). 


=< 
в from OX, trace out an angle 


Let a revolving line startin 
$ an angle POQ =180°, so that 


XOP-0, and further trace ou 
m. XOQ —180^ + 6. 


5 — 
OP and OQ are then in one straight line. 

Out ой ОР-00, and draw PN and ОМ perpendiculars 
-- 


оп X'OX. 
2 —> 
given here with OP in the first and fourth 


Two figures are ОР. 
ther two may be similarly drawn. 


quadrants, and the o 
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5, x ; 
Now, POQ being a straight line i 


n this case, mZ PON 
=mZQOM. Also, ОР- 00. Hence, 


the right-angled triangles 


RI 


1 
1 
І 
1 
1 
1 
1 
1 


Fig. (i) Fig. (ii) 


PON and QOM are congruent and 


sides equal in magnitude. 


have their corresponding 
cases, 


Considering signs, we get in all 


QM= - PN, OM- - ON, 09 - Op. 
Thus, for all values of 6, 


sin (180? -- 6) — sin mL x09 = - Ge - від 9 


сов (180°+ 6) - C24 = W- = cos Ө 


tan (180°+6) Па а иа 8 
and so, 
совес (180° + 0) = — совес 8, 
вес (180°+0)= — вес 8, 
cot (180° + 6) = cot 0. 
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5:9. Ratios of (270° — 6). 


Let ти ХОР =@ be traced out by а revolving line, and let 
another revolving line trace out an angle ХОУ’ = 970", thereby 
— 


-coming up to the position ОУ”, and then revolve back, tracing out 
an angle Y'OQ = 6, so that mZ XOQ=270° — 8. 


Fig. (i) Fig. (ii) 


= 
Two figures are given here with OP in the first and third 
quadrants. The other two may be drawn similarly. 


- 
Cut ой ОР-00 and draw РУ, ОМ perpendiculars оп Х ОХ. 


Since, ти ХОР ^ mZ Ү 00, we easily derive that mZ PON 
-т/00М. Also OP-OQ. Hence, the two right-angled 
triangles OPN and OQM are congruent. Considering signs, we 
get for all the figures, 


ОМ“: - ON, ОМ“ —PN, 0Q=OP. 


Hence, for all values of 6, - 
sin (270° - 6) = sin mZ XOQ= OUR 0А = - cos 6 
- ОМ Р.М р. 
cos (270° — 9)“ 00 = gp = – sin в 


у M. -ON ON Lent o; 
tan (270 -0-9 PN PN cot 6; 
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and thus, 
cosec (270° — 6) = — sec 0, 
sec (270° — 0) = — cosec 0, 
cot (270° — 6) = tan 0. 
5710. Ratios of (270? 4- 6). 
We may proceed geometrically as in the previous cases. 
Otherwise we may proceed as follows : 
sin (270°+0) = sin (180° + 90°+6) = — sin (90? + 6) [from $ 5'8] 
= — cos 6 ... E [from $ 5*6] 
cos (270°+ 6) = сов (180° + 90° +6) = — cos (90? + ө) 
--(-віп б) віп Ө 


о sin (270° +6) _ — cos 8 SA 1 
tan (270°+ 6) cos (9709-0) sin 0 cot 6; 


and hence, 
cosec (270° +0) = — sec 6, 
вес (270° + 6) = совес 0, 
cot (270°+ 0) = — tan 9, 
Note, The ratios of 180° —6, 180?-- 0, 270° 
from the formule for ratios of 90° +0. 


5711. Ratios of (360°— 6), (360°+ 6) and (n. 360° + 6). 


It has Blready been remarked in Art. 19, Chapter I, that 
angles which differ by complete multiples of 360°, i.e., by an 
exact number of complete revolutions, have the final Positions of 
the revolving lines coincident, if the initial lines are the same. 
Hence, all the trigonometrical ratios of two such angles must be 
identical in magnitude as Well as in sign, 

Thus, trigonometrical ratios of 360° — 9 must be same ав those 
of – 0. Hence, 
віп (860° - 6) =sin (— 0) = -sin 6 
сов (360° — 6) = соз (- о) = cos Ө 
tan (360° - Ө) = tan (~6)= - tan 9 
Trigonometrical ratios of 360° + ө, Or of 

т is an integer, positive, or negative must в 

those of 0, or of +0, 


70 can bo similarly deduced 


> ево, 


360° Х® +0, where 
imilarly be same аз 


ASSOOIATED ANGLES 71 


Thus, in determining trigonometrical ratios of angles, complete 
multiples of 360° (i.e., дл) may be always added or subtracted. 

5'12. All the above results may, for easy remembrance be 
summed up in a simple rule. 

If 0 be associated with an even multiple of 90° by + or — sign, 
(e.g., 180°—0, 180°+0, 360°—0, 360°+8, etc.) the ratio is not 
altered in form (i.¢., sine remains sine, cosine remains cosine, eto.). 
To determine the sign, assuming 0 to be acute, find out the 
quadrant in which the associated angle lies, and determine the 
sign according to the rule "all, sin, tan, cos". 

If 0 be associated with an odd multiple of 90° by + or — sign, 
(e.g., 90-0, 90° + 0, 270° — 0, 270° + 0, etc.) the ratio is altered (sine 
becomes cosine, cosine becomes sine, tangent becomes cotangent, 
etc.). Moreover, the sign of the result is determined as in the 
previous paragraph. 

Examples. Consider formule for tan (270° — 0) and sec(180° + 6). 

270° — 0 - 8.90? — 0 (multiple of 90° is odd). 

Hence, the ratio will be altered, tan changing into cot. 
Moreover, 0 being assumed acute (whether it actually is во or not, 


it does not matter), 2707- 0 falls in the third quadrant, where 
fan is positive. 

Hence, tan (270° — 0) = + cot 0. 

180°+6 has got 0 associated with even multiple of 90“, 
Hence, the ratio does not alter in form, sec remaining sec. Also, 
180° +6 falls in the third quadrant, if 0 be assumed acute, where 
sec (by the rule "all, sin, tan, cos") is negative. 

Hence, sec (180° + 6) = — sec 0. 

М. В. The angle ‘— 6’ may be written as 0.360° - й, and 0 may be consi- 


dered even in applying the above rule. 
Thus, 0 being supposed acute, —@ falls in the fourth quadrant, where 
cos and sec only are positive. The form of the ratio not changing in this case, 


sin (- 0)є -sin 6, cos (— 8) = + cos 0, etc. 

5°13. Special angles (outside the first. quadrant). 

In Art. 5'7, putting 0— 60°, 45°, 30° and 0” respectively we 
can deduce the following results : 
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sin 120? —sin 60°= “8, cos 120° = —cos 60°= — i : 
1 
sin 185°=sin т соз 185^— — cos 45° = — JE 
sin 150°=sin 809= $; сов150°%=—соз30°— АВ, 
sin 180°=sin 0°=0; сов 180°= —cos 0°=-1, 


And similarly from Arts. 510 and 511, putting 0-0, 
віп 270°= —cos 0°= —1 б сов 270°=sin 09-0; 
sin 360^ —sin 09-0; сов 360° = соз 0? —1, 

From the above, we get, 
tan 180°=0 ; tan 270°= +оо ; tan 360°=0. 


514. Illustrative Examples. 
Ex. 1. Find the value of cot (—1575°). 
cot (—1575°) = — соь (1575°) = — cot (4 х 360°4 185°) 
= — соб (185°) = — сор (180° —45*) 
= cot 45° 21, 
Ех, 2. Pind the value of cot 0 — tan 9, where DSL: 


17т 
ms =6r- 5, and omitting complete multiples of 360° $e, of 2r, 


whereby trigonometrical ratios are not altered, we get, 


17т 
cot 3 то(-1)- —cot 5 = — cot 60° = - 


17r T 
tang = tan (— &) =— ап 8 = -tan 60°= — X8. 


б - peel ВЕ 
s Cob @—tan 0= — oz. 2 
с а wat INE} Bow 


Ех. 3. Prove that sin (420°) cos (890°) + cos 
L. H. side=sin (360° +60°) сов (360°+ 30°) 
+ cos (—360°-+ 60°) sin (— 860° + 30°) 
=sin 60° cos 30°-+ соз 60° sin 30° 


24949,1.1.8,1 
ата 


(— 300?) sin (—880*) 21. 


cot 
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Ех. 4. Express cot (-1358°) in terms of the ratio of a positive angle 
less than 45°. 
cot (—18589) = cot (— 4x 360? + 82°) 
=cot 82° —cot (90° — 8°) 
={ап 8*. 
Note. Ratios of angles of any magnitude and sign can always be 
expressed in terms of a ratio of a positive angle less than 45°. 
cos (90°-+ 6) sec ( - 6) tan (180^ — 0), 
sec (360? -- 8) sin (180? + 8) cot (90° — 6) 
The given expression 
„ат 0. geo 0. (—tan 0) 
вес 6. (—sin 0). tan 0 
ш-1. 
Ех. 6. Solve: tan 0-2 sin 0, јот 0% < 0 < 360°. 
tan 6-2 sin 0 


Ех. 5. Simplify 


sin 0 
C Ee sin 6, 
1 
or, біп0|---2)-0. 
сов @ 


4. sin@=0, ie, 0=0°, 180°, 


1 = 1 Los 60° Жо 
о, cog 170 соз Ө= 2 = соз 60°, or, cos (360° — 60°). 
'› 0=60°, 800°, 2. 0=0°, 60°, 180°, 8007, 


Ех.7. Reduce to the simplest form 
sin (270°+ A) cos (90°—A) | 
sin (180° — A) cos (180° — A) 
sin (270°+ А) cos (90°— 4) _(—соз AJ(sin 4) | 
sin (180° — А) cos (180°—A) sin А (—cos А) » 
Ex.8, If A, B, C be the angles of a triangle, show that 
sin (В+ О)+ sin (C+ А) +зт (A+B) 
=sin A- sin B+sin C. 


Since the sum of three angles of a triangle is equal to two right angles, 
г. А+В+С= 180°. 
г. В+0=180°—А. ..sin (B+0)=sin (180%- 4) =в А. = (1) 
С+А =180° - B. sin (C+ A) =sin (180°— В)-віп B. + (3) 
A+B=180°-C. sin (A+B)=sin (180°-C)=sinC. -- (3) 
., on adding (1), (9), (3), we get ^ : ' 
sin (B+C)+sin (C+4A)+sin (44- B) = sin A-sin B+sin C. 
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Ех. 9. Show that cot (90°— А) cot А cos (90°— А) tan (90°— 4) = соз А. 
Left side=tan A cot А sin A cot A 


1 з cos А 
=tan А. tan А” n A sin А 
=соз А. 
Examples V 


1. Write down the values ої sin 150°, соб 840°, совес (— 660°) 
and tan (— 1195°). 


2. Find the values of sin (- па), совес (£x) 


tan (+ =) and cos on Da), 


3. Evaluate sin ( - 1930?) - сов {n+ lat =} where п is 
& negative integer, 


4. Find the value of sin (ы-і а), where л is any 
integer, 


5. Find all the values of 
Е n 
(i) tan нал] ; 


(8) cosee (Р +(-1)"2 =}, 


where n is any integer. 


6. Show that сов (я =) and tan (mx VUE =) Бауе опе 
value each for all integral values of m. 
7. Prove that, п being any integer 
(i) сов (пл a) - (— 1)" сов a. 


(ii) tan (nz—a) — -tan a. 
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8. Prove that 
(i) соз 0 = - сов (0 — 180°). 
(ii) tan 6- — соб (0 — $7). 
9. Prove that 
(i) sin (780°) cos (390°) — sin (330°) cos (- 300°)=1 
(ii) сов 306? + cos 234° + cos 162° + cos 18°=0. 


(i) sin 250+ sin 250° + tan 290° _ 
ИШ “cot 200° + cos 3409 | 


10. Simplify 


sin*(a--0) tan (2«— 0) sec*(a — 0) 
cos?(3a--0)  cosec?8 sin (л- 0) 


and determine its value when 0 = 225°. 
11. Prove that 


sin ($2 + 8) cos (a — 0) соб ($z-- 0) 
— gin (3a — 0) sin ($a - 0) cot (За + 0). 


=-1. 


12. Evaluate 
„ад: б 
(i) sin? 7 + sin? Pda sin* Ts sin* 47 


Зл бл a „Та 9л 
(8) cot до cot 55 cot 20 608 50 cof 20° 


(ii) sin z +sin (л +) + sin (27+ z)teee to n terms. 


13. Iftan 0= 75 and cos 0 is negative, find the value of 
sin 0 + cos (— 6), 
sec ( — 0) + tan 0 
[ tan 0 — Ys. +, вод — 14-34; — 12$ whence sec 0 = — 11 ; since it is given 
that cos 0, and therefore sec 0 is negative. 


5 in 0 
Thus, cos0- —13 and sin еб сов дет Не сте 


віп 8--cos 0  - з —18..91, 
ant 15796 


ow the given ер.“ sec gian б 40+ 
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14. An angle 6 lies between 180° and 270°, and созее 0 = 


Find cot 0. 


[ Here, cot*8—c0o300"0—-1—5?—1—9. If lies between 180° and 2709 


0 
i.e, in the third quadrant, cot 0 is positive, Hence, cot 0 — + „Јо „МО ] 


15. Express in terms of ratios of positive angles less than 45? : 
(i) eot (— 10542). (ii) sin (11459). 


(iii) sec (- 1491?). (iv) сов 79% S. 


16. Find the value of 9, when 
(i) tan 0— — /3 and 0 lies between 270? and 360°. 
(ii) cos 0= —3, ава 450° < 0< 540°. 
[ (ii) cos 0= — = - соз 60°= сов (6х90°—60°). .’, 9= 540° — 60° = 480°. 1 
17. Solve for 6, giving all the possible values, when 
0° <6 < 360°: 
(i) cos 0+ „/3 sin 0-9, [ 0. U. 1936] 
(ii) 2 sin29+3 сов 6-0, 
(iii) З (sec20 + tan*0)- 5. 
(iv) cot 0 +tan 0-29 sec ө. 
(v) 1-2 sin 0-9 cos 0 cot 0-0, 
[ (v) (1--cot 0) —2 (sin 0+ соѕ 9)=0, 


cos 
sin 0 


.. («s 5)- 2 (sin 0+ соз 6)=0. 


(= 8--cos 0 
о, (стоте 


sin 0 )-2 (sin 0--сов 0) =0, 


or, (sin 0--cos 0) x (3- 2) =0. 


s'e sin 0-Fcos 0 =0--.(1) or 3ig-2-0 + (ii) 
From (i), sin @=—cos 0 фе, tan@=—1, |, 0=135°, 315°, 


From (ii), sin 0=$. .'. 0=30°, 150°. ] 
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18. If A, В, С be angles of a triangle, show that 
sin (4+ В) – сов C = cos (4+ В) + sin C. 
19. If A, B, О be angles of a triangle, show that 


tan (B+ С) + tan (C+ A)+ tan (A+B) e 
tan (z— 4) + tan (9л- B) ten(3a— С) ` 


20. ГА, B, C, D be the angles of a quadrilateral, show that 
cos $(А + О) + сов 08+ р) = 0. 


It the quadrilateral be cyclic then 
cos A+cos B+cos C+cos D=0. 


[ If the quadrilateral be cyclic, sum of opposite angles are supplementary ; 
ie, А+О=В+ D- 180°, ] 


ANSWERS 
D bg 08 ро 


TENIS SM a Esaiae д 
LUNN eges ооо ттар Eee ec d 
2 


Әу 10 tmt; 12. (у 9. (ну 1. 


4 38, s бул. (ii) £2, + 
zs siki Ёш . 


(iii) sin z or 0 according as n 15 odd oreven, 13. аб 


(i) cot 962. (ii) сов 25°. (iii) совео 39°. (iv) cos ба 16, (1) 300°. 


15. 
(ii) 120%, 240°, (11) 307, 150°, 210°, 380°. 


(н) 480°. 17. (i) 60°. 
(tv) 802, 150°. — (iv) 80°, 185°, 150°, 315°, 


CHAPTER VI 
COMPOUND ANGLES 
6'1. То prove that 


sin (A+ B) = віп А cos B+cos A sin В 
cos (А+ В) = cos А cos В- sin A sin B, 


when А and В are positive and acute and (А + B) < 90°. 


Lot в revolving line starting fri m t uti 
э ЫШ ДА в Irom the position 0х trace о 


and then 1 
angle YOZ — В; then mLXOZ- 4 VA ЗНАКА a deis 


In 02, the bounding line of the compound, angle 4* B, баке 


апу point P and draw PQ and PR perpendiculars to ох and oY 
respectively ; also draw ; RS and R 
Е nd ЕТ Perpendiculars to ох and РО 


From the right-angled A РОД, 
sin (4+ B)= OR ОТАР RS*PT mg, PT 


| ОР ~optop 
і Ёт PTPR 


~ OR OP PROP 
=sin 4 cos B+cos mZ TPR, sin В. 
Now, mZ TPR =90° – mZTRP=mZ TRO= сти ROS- A. 
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*. sin (4+ В) = зір А cos В “сов А sin В. 


Again, 
wn (4+ m= 09-808 ов mm оз 28 


cem OR ТЕРЕ 


“ОВОР PROP 
=cos А cos B - sin mZ TPR .sin В 
= сов А cos B —sin A sin B. 


6'2. То prove that 
sin (А— В)=вїп А cos B- cos А sin B 
сов (А — В) = cos А cos В+ sin A віп B, 
when А and B are positive and acute, and А > В. 


Y 
R/ т 
Z 
Р 
o ЗОНЕ 


а 
Let a revolving line start from the position OX and trace 

out an angle ХОУ=А; and then revolving back trace out an 

angle YOZ = В; then ти XOZ — А-В, ; 


In 07, the bounding line of the compound angle А- B, take 
any point P, and draw РО and PR perpendiculars to OX and OY 
respectively ; and draw RS and ВТ perpendiculars to ox and QP 
produced respectively. М 

From the right-angled ДРОО, 


го. TQ-PT. RS-PT, RS PT 
sin (4- B)- ОР OP “ОР OP 
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LRSOR РТРВ, 
 OROP PROP 
=sin А сов B- сов mZ TPR. sin В. 
But mL ТРВ-90"- т (ТЕРет/ YRT- mZ, YOX-A 
sin (4- B)=sin А cos B — cos A sin B. 


Again, 
-09.08:8Q OS*RT 08 RT 
о Ор t" ОР “OPOP 
-OS OR, RT RP 
-ОВОР” RP Op 


= сов A сов B “ніп ти TPR.sin B 
= сов А cos B+sin A sin B. 


Proofs, it is assumed that the angles 
ght angle and that 4— B is positive, Ifthe | 
the same method of Proof (there being some 
П apply, due attention being paid to the signs 


angles are not go restricted, 
modifications in the figures) wi 
of the quantities involved. 


Thus, the above formule are perfectly general, 


Note 1. Tho sum Or difference of two or more angles ig called а Com- 
Pound angle ; such as A- B, А-В, A+B+C etc, 


The expansions sin (4 + B) and cos (4 + B) are Generally called tho 
“Addition formula or Addition and Subtraction Theorems”, 
Noto 2. Assuming the truth 


of the above formule for acute angles, they 
can be shown to be true for angle. 


8 of any magnitude, as follows : 
Let us consider sin (44- B). 

Let А and В be acute and A+B < 90°, 

Let 4,=90°+4; В, ев, 


Now, sin (А, + B,) - sin {(90°+ 4)+B}=sin (90*-- (4.4 B) 


705 (4+ В)=сов А cos Bein д sin B [by Art. 611 
=вїп (90° + A) cos В+ сов (90°+ 4) sin B 
=sin A, cos В, + сов A, sin B,, 
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Again, let 4, - — 4, В. - В. 


Then, sin (4,--В,)-віп (- 4+ В) = - віп (А-В) 

—sin А cos B+cos А sin В, [ by Art. 621 
=sin (— A) cos В--сов(- 4) sin В 

=sin A, cos В,--сов А, sin В,. 


Thus, the above formule remain true if any of the two angles is either 
increased by 90°, or has its sign changed. 

In the same way it may be shown that the other three formule for 
cos (44- B), sin (4- В) and cos (А-В) will continue to hold good unchanged 
in form, if any of the two angles bə either increased by 90° or has its sign 


changed. 

Now starting from positive acute-angled values of A and B, combining the 
two processes of increasing one of the angles by 90°, and reversing the sign of 
any one, we can arrive at values of A and B of any magnitude, positive, or 
negative, and the four formule will still hold good. 

Thus, the formule for sin (А + В) and cos (4+ B) are perfectly general. 


6:3. Illustrative Examples. 
Ex. 1. Find the values of 
sin 75°, cos 75°, sin 15° and cos 15°, 
sin 75°=sin (45%--30%) =sin 45° соз 80%--сов 45° sin 80° 
УА З M Б 
Ма 2 A2 2 2/2 
сов 75? = cos (45° + 30°) = соз 45° cos 80°—sin 45° sin 80° 
АВ Ee 
N2 2 ма 


Ж 
а 2/2 

sin 15°=sin (45°—90°)=sin 45° cos 30° —сов 45° sin 80° and cos 15° 
=cos (45°—80°)=cos 45° сов 80°+sin 45° sin 30°; „therefore, substituting 
the values of віп 45°, cos 45°, etc, as before, we get 


о ^/3=1 | го ЗІ, 
віп 15°= 38 and cos 15°= 2,2 


Note. The values of sin 15? and cos 15% сап also be deduced from the 
fact that B 


sin 15°=вїп (90° — 75°) = cos 75? 
and сов 15°=cos (90°—75°) = sin 75°. 
Ex.2. Show that 


(i) sin (A+B) віп (A—B)=sin*A—sin*B 
z:cos?B— сов?А. 


(ii) сов (A+B) cos (A—B)=cos*A— sin?B 
засов?В- sin^A. 


H. 5, Tr.—6 
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Su ES А cos B+cos A sin B)(sin А cos B—cos А sin B) 
=вїп?А cos? B —с08? А зіп? В 
=вїп?А (1— sin*B)— (1— sin?A) sin?B 
—5in*A—sin*B 
= (1— сов? А) — (1 — cos? B) = cos? B — cos? А, 
(ii) Left side 
= (соз А cos B —sin А sin В)(соз А cos B+sin А sin B) 
=соз? А cos* В – віп?А sin*B 
= со5? A (1— віп? В) – (1— соз? А) sin? В 
= 0082 4—віп?В 
=(1—вїп? А) —(1— cos? В) = cos? B— sin? А, 
Note. The results of Ех, 1 апа Ex. 2 ато very useful and should be 
carefully remembered. 
6:44. To prove that 


А tan A+tan B 
Ете алы 


; = tan A-tan В 
ЧУКА“ B) = lr DIS 
We һауе 


з 2 АЗ : 
tan (4+ p) = бів (4 B) віп A cos В cos A sin В. 


сов (4+ В) cos 4 cos B — sin 4 sin B 


Now, dividing the numerator and denominator by cos 4 cos B, 
we have, 


sin А cos В , cos А віп В 
соз 4 cos В cos А cos В 
+В)=—————= 6034 cos В 
tan (4 +В) сов A cos B віп А sin В 
€08 А cos В cos A cos B. 

= tan A+tan Ви 

l- tan A tan В 


Again, 


ene ) = Sin (4-8) _ sin 4 cos B- cos A sin В. 
is cos (А — B) cos А cos B t sin A sin B. 
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Now, dividing the numerator and denominator by cos 4 cos В, 
we have, as before, 
tan A—tan В 
tan (4— В)- Bn 4 — tan Б. 
an (4- B) 1+tan А tan В 
6°5. То prove that р 


А cot A cot B-1 
@ cot (A+B) cot B+cot А 


cot A cot B1. 
cot В-со А 
— 608 (А+ В) cos А сов В віп A sin В. 
sin (A+B) sin А сов В+ cos А віп В 


Now, dividing the numerator and denominator by sin A sin B, 
we have, 


(ii) cot (A- B) 


cot (А+ B) 


cos A cos В sin A sin В 
sin A sin В sin A sin В 
sin A cos B , cos A sin B 
sin A sin В sin A sin В 


cot (А+ В)= 


cot A cot B-1 
cot B+ cot А 


_ воз (A-B) cos A cos B t sin A sin B. 
aei (4- В) = in (А-В) віп А cos B- сов A sin В 


Now, dividing the numerator and denominator by sin A sin B, 
we have, as before, 


бој (4.8) — cot B — соб A 


6'6. Ex. 1. Find the values of tan 75° and tan 15°. 


ол e оу бап 45?--tan 80? 
tan 75° tan (45° +80°)= 1 ап 466 tan 80° 


1 
1+ 8 (9-1 (9-1) /3 +1) 
1 5,8-1. 3-1 

al NB 
В+ А3. 


84 Н. 5. TRIGONOMETRY 


tan 45° -- tan 30° 


к=н д-р ч-т 


1 
7B. /3—1_(у/3—1)(,/8—1) 


1 N8+1 („/8+1)(,/8—1) 
1+- 


=. NB. 


Ex. 2. Show that \ 


1+tan А 
(G) tan (45°+ А)= SET 


3i 4 1-іап А 
(ii) tan (rc 


ү бап 45°+tan А 1+0 А 
(y) 290 Ser ten 45*tan A^ 1-tan А" 


(ii) This result follows similarly, 
Ex.3. Show that 
col}2A+tan A=cosec 94, 


Го. U. 19471 
Left side = сов 24 | sin А _ cos 24 cos A+sin ЗА sin А 


їп 2А cos A sin 24 cos A 
= сов (24 са). cos A Фа 

Біп 24 соз А віп ЗА соз А віп 2A 
=cosec 24, 


67. To find the expansions of 
(i) sin (A-- B-- C) 
(ії) сов (A+B+0) 
(iii) tan (А--В--С). 
(i) sin (44- B +0) 
=sin {(4 + B)+ 0} 
= віп (A+ B) cos C+ соз (4 + B) sin C 
=(sin А cos В+ cos А sin B) cos О 


+ (cos A cos В- sin 4 sin B) sin О 
= віп А сов В cos C sin B cos C сов 4 


+sin C cos А cos B— sin А sin В sin С. 


COMPOUND ANGLES 85 


Note 1. The expansion of sin (4-- B-- C) can be easily put in the form 
cos А cos В cos С (tan A--tan B+tan C—tan А tan В tan C). 


(ii) cos (4 +B + 0) 
: — cos (А + B)4- C] 
= cos (4 + B) cos О- sin (A+B) sin C 
=(cos А cos В- віп A sin B) cos С 
— (sin 4 cos B-- cos А sin B) sin C 
= сов A cos В cos C — cos A sin В sin C 
- соз В sin С sin А- cos С віп А sin В. 


Note 2. The expansion of cos (4+ В+ О) can be easily put in the form 
соз A cos В cos C (1—tan В tan C—tan О tan A—tan A tan B). 


(ii) tan (А--В--С) 
— tan (4A *- B) - C] 
- tan (А+ В) tan 0 
1-tan (A+B) tan С 


tan A+tan B 
-1-бао A tan В 
1. бап A+tan В 
перелом © 
_ tan A+tan B+tan C-tan A tan B tan C, 
_ 1- tan Btan C - tan Стар А – ѓап A tan В 


+ вап б 


Note 3, Тһе expansion of tan (A+B+C) can also be obtained thus, 


sin (4+B+0), P 
cos (A+B+C) 


Now, write down the expansions of sin (A+B+C) and cos (44-B4- C) 
and divide the numerator and denominator by cos A cos B cos C or simply 
write down the expansions of sin (A+B+C) and cos (А+В+ C) as given іп 


Notes 1 and 2. 
Obs. Formule for the Trigonometrical functions of the sum of four, five 
or more angles can be similarly obtained. 


tan (4+ B+C)= 
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6'8. Illustrative Examples. 


- a СОК. y 
Ex. 1. Па OT show that tan (= - i)- 4 y, 
n z-y _ с ыла 1 
Since, ау В 9, i.e., ауа 
7. by Componendo and Dividendo, 
y _1—8іп 0 (cos 40-віп 30)? 
2 1+sin (сов ід віп 48) 


= е ( dividing numerator and denominator by сов?40) 


Ex. 2, 17095 (2+8) sin (9+0) = cos (a — 8) sin (7—8), then 
tan 0—tan а tan B tan y. 


The given relation can be written as 


sin (у- 8) cos (a =), 
sin (у= 8) cos (a+) 


4» by Componendo and Dividendo, 


sin (4-- 0) — sin (7—0) сов (a —В)— сов (a+) 
sin (y-- 0)--sin (у-0) соз (a — В) cos (a 4- 8) 


or, 2 cos y sin 8 2 sin a sin B, 
2 sin у cos 9 2 cos a cos B 


or, cot y tan 0 — tan a tan В. 


"Є ап Ө=4апа tan B tan y. 


—2 sin a sin 8 
Ех. 3. If tan т then tan а, tan B, tan у are in harmonical 
progression. 


The given relation can be written ag 


2 sin (a+) sin а сов + сов 
tanB sinasin у 


a Sin у 
sin a sin у я 


1 1 
= cot Ot a= —: 
Sg ASS fan аша 
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_ 4a sin B_ __bsina 
Ex. 4. Iftana= 7 nya and tan P= > cosa’ 


sina a. 


nB b 


From the first relation, Bu віт В, 
сова 1-а соз В 


ог, a(sin а cos + 005 а sin В) —sin а. 
ve б sin (eB) ш 
From the second relation, we get 
b= sin (a+) (2) 
Dividing (1) by (2), we get 
а sina 
b sing 


Ex. 5. Show that 
tan (8--у да) tan (у а - 98) tan (а+В- 27) 
=tan (B+y—2a) tan (y+a—26) tan (a+8- 27). 
Suppose, A=8+y- да, B=y+a—28, 0=a+8-27, =. (9 
г. А+В+С=0. s. tan (А+В+0)=0, 


; tan A+tan B+tan C—tan A tan B tan с -0. 
1-6 гап Азап B—tau А tan О- сеп B tan С Y 


s. tan A+tan B+tan Cc tan А tan B tan C. ЕЕ) 
Now, substituting the values of tan 4, tan B, tan C from (1) in (2), we 
geb the required identity. 


/ 
Ex. 6. Ifa sin (0+a)=b sin (0+8), prove that 


ME 
From the given relation, 

a (sin 0 cos a+cos 0 sin a) сь (sin 0 cos В + cos 9 sin В). 
+, gin 0 (a cos a—b cos В) = cos 8 (b sin B—a sin а), 


а cos a—b cos B, 


де = 
or, co b sin 8—a sin a 
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Ех. 7. If tan get E 2, show that 


tan (a—8)=(1—n) tan a. 
tan a—” біп a cos a 
- 28D а cos a 
tan a-tan В _ SS ST 
tan Е TES ака 
аша l-n sin?a 


соз 10°+ sin 10° 9 
Ех. 8. Prove that соз 109 — sin 108 = tan 55°, 
з ОРА 1+ 10° 
соз 10" Sin ню (dividing numerator and 
tan 45°+tan 10° | У 
Ci-snás nig (СС ізо 45 =) 
=tan (45°+ 10°)=tan 55°. 


denominator by cos 10°) 


Ex, 9, Tf A+B C=90°, prove that 
tan A+ cog A sec В sec C — tan В+соз B sec О sec А 


=tan О+соз О sec А sec B. 


я COSA NUR sin (B-- C) 
irst expression = tan E ав cong tan А сов В сов б 


" 4=90°- (ВО) 
i с іп С 
а an Catan Attan B+tan О, 


Ве other two expressions = 


the three expressions are equal. 


Examples VI 
Show that (Ez, 1 to 20) — 


1. () sin (4- B) - 34 and cos (44 B)» 33, 
if A and B are acute and її sin АН сов B= 18, 
(ii) cos 68° 90! сов 8° 20’ + cos 81° 40 сов 21° 40/ = 4, 
[ (ii) cos 81° 40'— cos (90° —8° 907) = sin ge 20'; 
соз 21° 40'— cos (90° 


—68° 20’) = sin 68° 90,1 
(iii) вес (2- 0)= 8, if seo c= "g^, совес у= $. 
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2. (i) sin A sin (В- C)+ sin В sin (C — А) 
+sin C sin (4- B)- 0. 
(ii) cos A sin (B – 0) + соз В sin (0 — 4) 
+ cos С sin (4 - В) є 0. 
(iii) sin (B +C) sin (B - 0) * sin (0 + A) sin (C — 4) 
+ вір (A+B) sin (4 - В)-0. 
[See Ec. 2(4), Art. 68.1 
(iv) sin (а- 0) sin (8-7) + sin (8 — 6) sin (y — а) 
+ sin (У - 0) sin (a - 8)- 0. 
8. cos (60° — А) cos UE B) - sin (60? A) віп (80^ — B) 
= sin (А + B). 
4. (i) sin (n-- 1) є cos (n— -1) z — cos (л +1) с sin (n— 1)2 
= вір 25. 
(ii) sin 20 cos 0+ cos 20 sin 0 
— gin 40 cos 0 — cos 40 sin 0. 
sin В. sin (24 + В) 
sin А sin А 


в sin (B-O) , sin (0-4), sin (А-В) _ 0 
" eos В cos О соз О cos А сов А cos В ` 
[ Write the value of sin (B— C) ; then 1st terme tan Во tan С] 
sin (B- 0) , sin (0 — A) іо (4- В) i 
sin B sin О sin 0 sin 48 in А sin В 
sin?*4 —sin*B. 
сов? А —sin*B. 
9. вап апав Sin (4+ В) sin (4- В), 
Ex cos*A cos? B 
tan (a - B) — tan а 
10. 0 Т қан (ар) PEL 
(ii) If 4+В+С=л and cos А-сов В cos 0, show that 
tan А = бап B + tan C. * 
[(ii) Express tan B, tan C in terms of sin В, sin О and use В%С-т-4.1 


— 9 cos (А +В). « 


8. tan(4-B)tan (4-В)= 
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11. 1+tan 90 tan 0 =зес 28," 
12. cot 0— соб 90 = cosec 98.» 


18. tan 90" + tan 95° + tan 95? tan 90° — 1.. 


о cos A+sin 4 
14. (i) tan (45°+ A)= Gas ЕЕ 
(8) „/9 sin (45°+ A)=sin A+ cos A, 
15. 905 8°+sin 8? 


[ Proceed as in Ex, 8 worked out. 1 


16. tan (45°+ 4) tan (45? - 4)=1, 


y „СИ ДАА ЕУ, 

17. tan (4+ В) tan (А Е 
18. Sin(z-y) tanzt tan y. 
" sin(s-y) tan Ф-бап y 


t 2-1 cos 2-віп т 
19. cot (45° +) 002—1 cos m- sing 
ot (45 2) cot e+] боз C віц т 
20, а +y)= 896 2 seo y | 

во (z ? — tan 2 tan y 
?1. Find the expansions of 


sin (4- 840) and tan (4 — B- 0), 


Express cot (4* B4 С) in terms of 
Cot A, cot B, cot О. 


(a+b) ира ) 


+", sin z(a sin a+b sin а) = соз аа cos a+ 
or, sin z.(a-- b) sin a— cos 2.(a — b) cos a, 
. sing /. —(а@—%) cos а а-ь 

"5 соза (i, tan =) (2+0) sin a атра, 
и’. (a+b) tan = (a—5) cot 4.1 


[ Ех. УТ 
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(ii) If sin a sin В- cos a cos В+1=0, show that 
1+cot a tan B=0. ` 
С (ii) From the given relation, 1— cos а cos B—sin a sin B=cos (c+). 
". sin (6+8) = J1—cos*(a+p)= V1—1=0. 


cos а sin 8 віп а cos В+ с08 a sin В 


1+cot a tan B=1+ 


зіп а соз 8 - sin а cos В 
-8іп (2+8) 0 ] 


- = =0. 
sin а соз В sin а сов В 


(iii) If 44 B+C=2 and cos A— сов В сов 0, 
then cot В cot @=$. ` 
[ (iii) Here, А="-(В+0). 
Therefore, we have cos А = —cos (B+ C). 
= —cos В сов C--sin B sin 0. .’. 2003 В cos C sin B sin C. 
(7.* cos A— cos В cos C, given). Hence, the result. ] 


24. Tf tan 9-2 іп zb sin y, 
а cos 2 +b cos y 
then а sin (0 —2)- b sin (0 — y) 0. 
[ From the given relation, we have, 
sin à asin z-Fbsin у, 
cos 0 a cos 2-6 cos У 
Hence, by cross-multiplication, and transposition, we geb 
а (sin 8 cos ж— cos 0 sin a) +b (sin 0 сов y— cos 0 sin у) 
$.6., а sin (0 —2)-- b sin (0 - у) є 0. ) ^ 
25. An angle 0 is divided into two parts а, B such tha 
tana: tan В= 2:0; prove that 


Р 2-0. 
віп (a- B - ry sin 6. 


=0, 


(“е (&—В) віп (а B), [since ‘0=0-+8] 
sin 0 sin (а КВ) one 
sin a cos B—cos а sin B, tan а—5® В 
=sin а cos В+ cos а віп В tan a+ tàn 
nom. by сов а сов 8), 


Hence, the read. result. ] 


( оп dividing the num. and де 


„оси {апа 2, 
cx since tanB У 
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26. If cos (8—7)-- cos (7— а) cos (а—в)= 


--і, 
show that Z cos а=0 and X sin а-0. 
[ (cos a+ cos 8--соз Y) + (sin a+sin 8+sin Б 


= cos* a-- cos* B + cos? + 2(сов В сов y+cos у cos а--сов а сов В) 


вата 811784 sin? o(sin В sin y+sin y sin a+sin a sin B) 
~(eos*a+tsin®a) + (c08%8-+sin*p) + (costa іш) сов B cos y 


sin B sin е) 
=3+2{cog (8—4)-- сов (y— a)--cos (а-в)) 
=3+2х-} (from the given со! 


ndition)=8—3=0, 
Hence, the result, ] 


ANSWERS 
21. sin А cos B cos C—sin В соз О cos A+sin О cos А соз B 


+sin А sin B sin О; 
fan A tan В tan С 
tau А—{ап B tan C` 
В-совС 
А cot B=]" 


fan A -tan B—tan ПО 
i+tan A tan B+tan с 


20, 5% A cot R ont C —cot; 4- cot. 
" eot B сор Ü-rcot С cot Д + cot 


OHAPTER VII 


TRANSFORMATION OF PRODUCTS AND SUMS 


vi. Transformation of Products into sums or differences. 


We have from Arts. 61 and 6'9, 

sin А сов B+cos A sin В = вір (A+ B) 

sin А cos B — cos A sin B=sin (А-В) 
Adding (1) and (2), we get 

9 sin А cos B —sin (A+ B) + sin (А-В). 
Subtracting (2) from (1), we get 

2 сов A sin B=sin (A+ В)- sin (А-В). 
Again, from Arts. 6:1 and 6'2, we have, 

соз A cos B —sin A sin B=cos (4+ B). 

cos A cos B+sin A sin B=cos (4 - B). 


Adding (5) and (6), we get 


9 cos A cos B=cos (A + В) Я сов (А- В). 
Subtracting (5) from (6), we get 
9 sin A sin В = соз (4 — B) - сов (A+B). 


(7) 


(8) 


Thus, we have the following formule for transforming а 


Product of two sines and cosines into 6 
two sines or two cosines. 


he зит or the difference of 


2 віп A cos B=sin (A+B)+sin (А-В). 
2 cos A віп B— sin (А+ В) -sin (А-В). 
2 сов А cos B= сов (А+ В) + cos (А-В). 
2 віп A sin B= сов (A - B) - cos (A+B). 


(1) 
(п) 
(III) 
(ТУ) 
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772. Transformation of sums or differences into products. . 
Let А+ В= С, and 4-B-D, 


C+D 
2 


Making these substitutions for Aand Bin the results (3), (4), 
(7), (8) of Art. 71 ава noting that the relation (8) can be 
written as 


then A= and B= 0-2, 


сов(4%В)- сов (4-В)- -9 віп Asin В 


we have the following four formuls for transforming the sum or 
the difference of two sines only or two cosines only into a pro- 
duct of sines and cosines, 
sin C+sin D=2 sin CHD oo c. oo (Т) 
sin С-віп D=9 cos gp sin ср. - (п) 
сов C-- cos D — 2 сов er» сов 92D. - (III) 
cos C- cog D 9 sin CED sin р-<, - (IV) 


Note. Тһе following concise verba] Statement of the aboye four formule 
is sometimes Very convenient, 
(i) sine+sine=2 sin (8 sum). cos (8 difi). 
(ii) sine— sine соз (8 sum), sin (Защ). 
(4%) cos+cos=2 cos (8 sum), соз (зан). 
(iv) cos—cos=2 sin (4 sum). sin (зан. геуегвед), 
7:8. Illustrative Examples, 
Ex.1. Prove that 
(i) соз 20° cos 40° соз 80°=4. 
(4) cos 80°+ cos 40° — cos 20°=0, 
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(i) Left side =3 cos 20° (2 cos 40° cos 80°) 
= cos 20° (сов 120%--сов 40°) 
=} cos 90? (—3--cos 40°) 
= —4 cos 20°+4 cos 20° соз 40° 
= —$ cos 20° +2 (cos 60?-- cos 20°) 
-- cos 20°+4 ($ + соз 20°) 
=}. 
(ii) Left side = (cos 80°+cos 40°) — cos 20° 
=2 cos 60° соз 90? — cos 20° 
=2.3 cos 20° — cos 20°=0. 


Ex. 2. Show that 
sin 0-F sin 20+sin 40+ sin 50 
cos 0 +cos 20 +- соз 40 +605 50 


=tan 80. 


Numerator =(sin 56+sin 0)+ (sin 40+ sin 26) 
=2 sin 30 cos 20 +2 sin 30 cos 0 
=2 sin 30 (cos 20 +cos 6); 


Denominator = (соз 50 + соз 6) + (cos 40 + cos 20) 
=2 cos 30 cos 20-- 2 cos 38 cos 0 
=2 cos 90 (cos 20 4-cos 6). 
2 віп 88 (соз 20 +cos Ө) sin 38... п 30, 
9 соз 30 (cos 20--cos 0) сов 38 
Ех. 3. Express 4 соз А cos В cos О as the sum of four cosines. 
4 cos A cos В cos С 
=2 cos A, (2 cos B cos C) 
=2 cos А {соз (В+ С)+соз (В- О)) 
=2 cos A cos (B+C)+2 соз А cos (B-C) 
= сов (4+ B+0)+cos (4 — B - C) 
+ соз (44- B— О) + соз (4 - В+ C). 
Ех. 4. Express as the product of three sines 
sin (B+ C — 4)-- sin (C-- A В) sin (4-- B — C) - sin (44 B4 C). 
Grouping together the first two terms and grouping together the last two 
terms, the given expression 
=2 sin С cos (B— 4) +2 сов (A+B) sin (=0) 
=з sin С {cos (В —4) – соз (4% В)) 
=9 sin C (2 sin B sin А) 
=4 sin A sin B sin C. 


ғ. left side 
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Ех. 5. If the angles A, B, C be in A. P., then 
pa aan нал 
cos C—cos А 


Since 4, B, C are in AP, 2. В-А=С-В, ie, 9B-A4QC. 


sin 4—sin 9 cos 3(44- C) sin 3(4— C) 
Now, сов C g08 A a 8! 


cos C—cos A 9 gin 314 C) sin 3(4— C) 
= 608 В _ 
“sin B 005 B. 
Ex.6. Show that sin 18°+ сов 18° = м сов 272, 
Left side =sin (90* — 79°) + сов 18°=cos 72° 


+cos 18° 
72 cos 45° cos 27° = 4/2 cos 97°, 


Ex. 7. Show that 


sin (8—^) cos (a— 9)-- sin 


(у-а) cos (8— 5) sin (а— В) cos (7-а) =0, 
Left side= $ [2 sin (8-5) cos (а 


—5)-+2 sin (1-а) сов (8—6) 
+2 sin (a— 8) cos (y-8)] 


=} [sin (8—4--a—3)-- sin (8-у-а--) 
+sin (Y-a+8—3)+sin бавча) 
+sin (Вуд) аа (a -8— 4--8)] 
=0, 
Ех, 8, Show that 
& sin 4+2+0 sin В%С-4 sin 9*4-B sin АВЕС 


2160814 — cof В — сой а cos А cos В cos С. 
TB 

We know, 2 sin РС 2 7908 4—соз (В+ C) 
А+В- 


sin mu c Eo (В- 0) - cos 4. 


2 sin 95453 
"є left side (cos А — cos (B4- C) 


{сов (B—0)— сов 4} 
=cos А cos(B — C) — 


сов (В- С) cog (В- с) 
“сов А соз (в+0) 
7008 A [зов (B — C)-- cos (B-- cy 

[sos B sin? 0] сова 4 
=cos А. 2 cos B cos Q cos B сов) з сові 


71— cos? А — cos? B.— cos? Q-1.3 cos 4 cos В cos 0, 
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Ex. 9. Show that 


(cos z — cos y)? + (sin 2 —sin y)? =4 sin? = 


к +] пе ( ту a 
Left side (2 sin 5 sin 5 +(2 cos а вїп 5 


=4 sin? ex EX ZEY соз? | 4 sin? ex 


2 2 


т E 1) ЕШ 8 
Ех 10 ferc СЕБЕ ТОГО Cu UE ЛӘР 


ZE т (а знане sin?(8— m a 2 sin? (y— в)=0. 


й x c Qe 2244 

Since, LL (er) tan (08) tan (62-3) 

2 _tan (0-ға) sin (0--a) /sin (0+8) 

у Stan (0+8) cos (0--a)/ cos (0+8) 
= Sin (0+ а) cos (0+8) 


sin (9+8) cos (0 +a) M 
y _tan (0+8) вію (9+8) cos (8+7) 
Similarly, 4 "lan (0-7) ^ cos (0-F BJ ain (9-27) (3) 


and в tan (0--у) віп (0+5) сов (6-ға), © (8) 
ш tan (@+a) соз (@+-~) sin (+a) 


By Componendo and Dividendo, we get from (1), 
x+y ніп (#+а) соя (0+8) +008 (8+ a) sin (0+8) 
z—y sin (0-ға) cos (0--8)-сов (9 ка) sin (6+ B) 
„Ва (20 -- a-- B). 


sin (a —8) 
e = вїп?(а— В) =вїп (20+ а+ 8) sin (а - 8) 
24 | соз (28+ 98) — соз (20 +2a)]. — (4) 
Similarly, 
Ж sin?(8—7) =4 [cos (204-21) -— cos (20+96)) — ^ (9) 
and 2+2 шабу —а)= [vos (20429) сов (2042. 7 (6) 


M (4), (5) and (6), we get 


4 
ТЕ sin" (a— зво ain? (8—1) +22 зіп? (со) 70. 
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Examples VII 


Prove that (Ha. 1 to 17) :— 


1. 


12. 


sndtsnB | А+В A-B 
sin A-sin а 9 cob © 


cosAtcosB_ A+B ь А-В, 
сов В- сов А cot Quos vo 


сов 20° + cos 100° + cos 140° = 0. 
sin 0 sin (60° — 6) sin (60° + 0)— З sin 30. 
cos 0 сов (60? — 6) cos (60° + 0) —1 cos 30. 
(sin За t sin a) sin a+ (cos За — сов a) cos a=0, 
cos (4- Р) sin (B — С) + cos (B= D) sin (C — 4) 

+ cos (0- D) sin (4- B)- 0, 
сов 20° сов 40? cog 60° сов 80° = ду, 


sin 20° sin 40? sin 60° sin 80*—.8. + 


sin A+sin B_ A+B 
cos А+ cos B в 9 
sin4-sinB дер 


сов В- соз A 06 2 


віп 6+sin 30+ sin 50 +sin 70 
cos 8+ cos 80+ сов 59 + сов 709 бап 40, 


Р 1де = (біп 70+ зщ 8)-- (sin 50 ++ sin 80) 
[weite left side. (cos 70+ c08 0)- (cos боа 20) ] 


13. 


14. 


15. 
16. 


сов 59 cog 38)! 
віп 24 t sin БА —sin А з 
cos 24+ cos БА + eos 4 = tan 24, 


sin (а--8)- 9 sin a-- sin (a Oe, 
cos (a + 8)— 2 cos a+ cos (a — в)" ап a, 


+ cos За — cos ба — cos a 
cos Та со ое 5 ова ЖС di. 
віп Та-віп За —sin ба “ніп а 


sin 24 + sin 2B+sin 20 — sin (4 * B. o) 
=4 sin (B * O) sin (C+ A) sin (A+B), 
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17. сов А+ сов В + соѕ С соз (А +В+0) 


+ 
— 4 соз P3 ов eia cos 438. о 


18. Ifsinz-k sin y, prove that 


k-1 
те h 
tan 5 (2- у) јет ant (оти) 
k sine , k-1 sinz-siny іп 4 (2—1), 
[ 1 siny '' k+l sinz-sinj tan} (2+0) (ef. Ex. 1) ] 


19. Тї сова+сов y=} and sin æ +sin y=}, prove that 
tan $ (0+0) = i. 
20. Itc cosa-y віп a=k=2 cos В Ку sin В, prove that 
& = & = k . 
cos $ (a+) sin} (а+8) cos 4 (а- В) 


91. Ifsin 0--sin $ —a, cos 0 + cos ф= Б, prove that 


0-ф. 4-а -b° . 
tan Ano „22. 
[2 sin 3 (0+4) cos 4 (0—4) =а; 9 сов 4 (0+9) cos 4 (0—4) =0; squaring 
and adding, cos? + (0-%)-2 (a?--b?). Hence, sin? 3 (0-9) 1-4 (a? +57). 
Hence, tan? $ (0—Ф) = ќо, ] 


99. сов 10° — sin 10° mi 5. 
Prove that cos 10* віп 10° tan 3 


[ Note that sin 0 = соз (90°— 0) and cos 0 — sin (90° +8). 1 
23. Tf созес А+ вес А = созес B+ seo B, then 
tan Aè tan B=cot $ (4+ B). 


24. Prove that 


Қ : A 2 
соз 4 + cos Bi } [en А+ sin BY" осо" A Б В, 
віп A— sin В cos 4 — сов В 
9r zero, & i is even or odd. 
Рено рію s of products by the 


[ Expressing cos А+ соз B, sin A+sin B eto in term 


-B A-By. К 
formule of Art. 7*2, the left side = соб" А-В «( я ) ; when л is even, 


2nd term is equal to the 1st term and when т is odd, 2nd term is equal and 
Opposite in sign to the Ist term. ? 


— 


—cot 


CHAPTER VIII 
MULTIPLE ANGLES 
81. Trigonometrical ratios of angle 2A, 
From Art. 61, we have, 
sin (4+ В)= віп 4 соз В+ cos А sin В, 
cos (4+ В) = cos 4 cos В 
Putting B= А, in the first formul. 
Sin 2А —sin 4 Cos А + cos Ав: 
Putting В= А, in the second for: 


- віп А sin B. 
в, we gef 


in A=2 sin A сов A -- (1) 


mula, we get 
бов 2А = соз А cos 4-- sin А. віп А = сов?А — віһ?А. -.. (9) 
= sin* 4) - sin? 4 —1..9 Sin?A со» Є) 
&nd also = 20584 (1 — сов24)-9 €08?A — 1. * 1(4) 
By Art. 6'4, = о d+ tan ВО 
E tan (4+2) l—tan А tan B 


Putting B= A, in the aboye formula, we get 


= Жап A+tan 4 2tan A 

tan 2 реа ..2tan М2 ... (5 

А 1 — вап A.tan А 1-tan?A ( ) 

putting B= 4 in the value of cot (A+B) as given 
24. 

in Art, 65, we get cot ее . (6) 

From formule (3) and (4), we obtain, 


1+cos 2A=2 сов?А, 


Similarly, 


by transposition, 


(7) 


(8) 
= 2 e ... ... 
сов ЗА fan? А: (9) 


1- сов 2A —2 sin?4. 


-cos 2A 
By division, 1 £08 


MULTIPLE ANGLES 101 


We may also note that 


1+sin 24 =соз®А t sin*4 +2 sin А cos А 
—(cos Á + sin A)? 

1-віп 24 = сов°А t sin*4 — 9 sin А сов А 
= (cos А - віп А)?. 


Note. Since the Addition Formule are perfectly general (i.e., true for all 
values of А and B), tho aboye formulæ, being deduced from addition formulæ, 
are also perfectly general, i.e., true for all values of А and В. 

8'2 ‘Trigonometrical ratios of angle 3A. 

sin ЗА =sin (4-24) = sin А сов 24 + cos А sin 24 


— gin А (1-9 sin? А) + cos A . 2 sin А сов А 
[ By árt. 811 


=sin А (1— 9 sin? A) + 2 sin A (1 — sin?A). 
- sin ЗАЄЗ sin А-4 віпзА. 
cos 34 = сов (А +24) = cos А cos 24 -sin А sin 24 
= cos А (2 cos? 4 — 1) - sin А. 9 sin А cos А 
= сов А (2 cos? A- 1) - 2 cos A. sin? А 
= 9 cos? A — cos А- 9 сов А(1 - cos? A). 
1. cos ЗА=4 cos?A – 3 cos А. 


tan А t tan 24 


tan ЗА =tan (4524) е ЙЕЙ 94 


9 tan А 

ш tan ДА+ ед 
2 бап A 
панын ental 


tan А (1 бап? 4) +2 tan А. 
(1—tan*4)— 9 tan*4 
8 tan A- tan?A. 


tanSAc а тап А 
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Ex.8. Prove that 


Есет соз 0 —1)(2 cos 20 — 1)(8 cos 48 —1). 

(2 cos 6+1)(2 сов 6-1)-4 со820 — 1 =9(2 cos? 8 —1)+1 
=2 cos 20-- 1, se (1) 
Similarly, (2 cos 20+1)(2 cos 20—1)22 cos 40+1 see (2) 
and (2сов 40+1)(2 cos 40 —1)=2 cos 80--1 - (3) 


Now, multiplying together indentities (1), (2) and (8), апа cancelling out 
the common factors from both sides, wo get 
(2 cos 9+1)(2 cos 6 — 1)( cos 20 —1)(2 cos 40-1) 
=2 сов 804-1, 


t. aUt а cos 0 —1)(2 сов 20 —1)(2 cos 40-1). 


Ех. 9. Provethat cos? (а- В) - sin? (a+ B) = cos 2а соз ЗВ. 

я Lett side= (cos а сов В+ віп а sin В)? — (sin а cos В+ cos a sin В)? 
= 00820 cos? B + sin? sin?8 —sin?a COB*B — соз?а віп?в 
= 00520 (00828 — sin?8) — відза (сов? — sin?) 
= (cos*a— Sin*a)(cos? 8 — віп?) 
= сов 2а сов 28, 


Ех, 10. Iftan’z=2 tan?y+1, then cos 95+ зіп?у=0, 


ERG 
We know, cos dy =+—tan*e [ From Ez. 1 1 


+їап?д' 
Д 1=(2 tan’y+1) 9 tan? скап? 
б. сов ах С ЭЛ МЕТ) 9 озу. к=! EE] 
1+(2 капу 1) 204 tany) весту 
ш-віп?у, a 


s's C08 до in?g — 0, 


Ех. 11. Show that sec z= 


We know, 9 cos? A=1+ cos 24. 
3% 2 сов? 27 — 1-- cos 4х, 
or 4 608795 — 2-9 cos 4z, 
4. 200822 аа cos 42. 
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Similarly, 2 cos = ,/2--2 cos 2z 
= /2+ ,/2--2 cos 9л. 


. 2 

1. нес qum ——M 
J2+ ,/2+2 cos 92 

Ex. 12. Show that tan ЗА - ат 2A—1an A=tan ЗА tan 24 tan А. 


T қ _ tangd+tan А 
Wo know, tan 84-бап (24+ 4)= i-iwn24tan А ЕЕ 


or tan ЗА -іап ЗА tan 24 tan A=tan 24 {ап А. 


tan 84—tan 24 — tan А є tan ЗА tan 24 tan 4. 


Examples VIII 


Prove the following identities (Ez. 1 to 25) :— 
sin 94 


1. locos 9A" tan А. 
 Sin24 _ 
2: 1 - соз 24 Got dt 


8. cot A- tan A=2 cot 24. 
4. (i) (2 cos 8:-1Х9 cos 0 - 1) 72 cos 20 +1. 
(ii) tan 0 (1 + sec 98) = tan 90., 


соб 4 —tan А 
соб A+ tan 4 


tan А+со& А =2 cosec дА. 


= oos 94. 


6 

7. cos*@—sin*0=cos 20. 

8. совб0 —вїп°@ = cos 20 (1 —1 sin? 90). и 
9 


. eos’ *sin?0 = (1+3 cos? 90). - 


Ка оа 
ры se В =tan (a+ f).- 
віп a cos a - sin В cos В 
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-ү 1- сов 20 + вїп 90 _ 
ECT TITLED 


у [ (i) Numerator of left side= 


(1— cos 20)-- sin 20=2 sin?9+2 sin 0 cos 0 
72 sin 0 (sin 0--cos 6). 


Denominator = (1 "cos 26)+sin 20=9 соз 
7:2 cos 0 (cos 0--sin 0). Hence, 


20-82 sin 0 cos 0 
by division, the result follows. ] 
2a 


i = +si 9 51; 
(ii) А E: =cot а. Га being positive and acute, 
and the square root being taken with 
[ (ii) 1--sin 2a=(sin?a+ сов? 


Positive sign. ] 


а) +2 sin а cos а= (sin a+cos а)“, 
e „1+ sin Sa sin ао 


ова, а being acute, and the positive value 
of the square root being taken, 


Hence, the Teqd. result follows easily. ] 


cos +510 _ сов 0—sin 0 
12. cos 0 —5110 сов 0 sin 0 2 tan 26, 


[ Left sido (cos 6+ sin 6) — (cog 8— sin 0): 


= sin 0 cos 0 
60870 — sin? ми 


0379 — sin? 0 
2 si 
= os = 2 tan 20: ] 


i) Sin A+sin 94 2. 
me) 1+ cos A+ cos 24 tan 4. 


: Sin 40 1- сов 20 
Gi) 00820 1 — сов 49 бап 0. - 


(ii) Lett side = 2 біп 90 cos 20 2 віп?0 2 81120 
[ ) Lett side сов 2 2 sin? 20 sin gp = tto. | 
ау cos 4— sin 4 
14. (i) cos А sin 4 ^ 366 24 — tan 24. . 


3 3-4 
4) C08 0--віп90 Р 
(ії) cos 0--sing 71-3 sin 90, 


[ (ii) Apply the formula а-ы 


= (a--b)(a* 
Where а = cos 0, b=sin 0, 1 


та5%83) to the numerator, 


15. соз? Д cos ЗА + sin? 4 sin 34 = сов? 94 - 
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16. (i) 4(cos?10? + sin?20*) = 3(cos 10° + sin 20°). 

4 сов" 4=3 cos A+cos 3A and 4 sin*A=8 sin A—sin ЗА, 

Since, cos 80? 


[ (i) Since, 
left side=2 cos 10° + cos 30°+3 sin 20° —sin 60° —right side, 


=sin 60°. ] 

сој 1 RE} 

Пете і 

(ii sin 10° cos 10° 4. , 2 
..  еоз 10°— ^/3 sin 10° | 

[ (ii) Left side = а 10° 10s ooa 10° 

Num. -(i cos 1-2 sin 15) 

= (cos 60° cos 10? —sin 60° sin 10°) 

=2 cos (60° + 10°) =2 соз 70? — 2 cos (90° - 907) 


=2 sin 20°=4 sin 10° сов 10°. Hence the result. ] 


tan 30 — tan 90-бап 0 — tan 30 tan 90 tan 0. є 


17. 
[ tan 30 —tan (204-0) d ; cross-multiply and transpose, ] 
tan A =1 


18 4 cot А М 
" соб А – соь ЗА tan 34-бап А 


[ Express cot in terms of tan. ] 
19. 1 ___ A gf Об. 
Балан ОИ 2 
+ [ Express соб in terms of tan. 1 


20. sin 80-8 sin 0 cos 0 cos 98 сов 40. 
[sin 80—2 sin 40 cos 40 -9.2 sin 20 cos 20 cos 40 
—9,9.9 sin 0 cos 0 cos 20 cos 40= etc. ] 


21. (i) cos 50 — 16 cos^0 — 20 cos?0 +5 сов 0.» 
(ii) sin 50-16 sin^0— 20 віп”0 + 5 sin 04 


_ cot^0 — 3 cot 0, 
22. (i) соб 30 = 5 зо —1 
4 tan 0—4 tan?0 , 


(ii) tan 40 = 1-6 tan?0 + tan^6 
tan 80--tan 0, 

[ (ii) tan 40— tan (800) = i un 30 tan 0 
rt, 82, and simplify. 1 


Now write down the value of tan 39 from A 
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23. (i) cos (120° — А) + cos А + соз (120° + 4) - 0, 
(ii) cos? (A 190°) + cos? A + cos? (A+ 120°)=3. „ 


2 сов 279-1 3920 — 
-------- -1)9 20 — 1)9 сов 920 1) 
24. ПЕРЕТЕ (2 cos 0 - 1)(2 cos Х9 сов 


“(0 сов 97-10-11). 
[ Use (2 cos 8--1)(2 cos 6-1)-2 cos 20-1. ] 
бап 970 
бап 0 
[ Use tan 0 (1+sec 20) = tan 20, ] 


= (1 + sec 20)(1 + sec 930)(1 + вес 236)---(1 + вес 970), 


26. If етан prove that 
2” cos 0 cos 90 cos 2%0---сов 91710 = 1. 
27. (i) It tan z—b/a. find the value of а сов 2x +b gin 9g.» 
(ii) If tan?z +2 tan æ tan ду =tan°y +2 tan y tan де, prove 


that each side = 1, or, else, tan = Жбап y. 


28. Ittan*0—1-9 &ап®ф, show that cos 26=1+ 2 cos 90. , 
[ L-- tan? — 2(1--tan*9). .7. 66070-29 вос?ф, ,', соз?ф=9 сов70, ) 
29. (i) It 2 tan a=3 бап б, prove that 


tan (е қ т [ C. U. 19461 


(ii) If бап (@+8-7) tan» 


бап (a—B+7)~ tan f' show that 


either, sin (8—7)—0, or, sin 9а+ gin 28 + sin 97-0. 
30. Ifa and f are acute angles and cos да =3 608 90-1 
that tan а= ,/2 tan р. [ C. 0. 1941] 
1-сов да 


E Componendo and Dividendo, 1+Есоз да "eto. ] 
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31. If созө= аа"), show that 
(i) eos 20 — Ха? + 07°). 
(ii) cos 38 = 1(a? -- a73). 
Show that (Ех. 32 to 36) :— 
32. sin*0—$— 4 cos 20+ cos 40.“ 
38. oos?0--sin?0— 1 — sin?90 + { sin*96. 


34. tan (7 + А)» tan (2 - 4) - 2 sec 24. 


зо Sin 30 , . s, cos 30 sin 40 + 
35. сов'0 3 t sin^0 3 4 


[ Left side=cos*@ 4(3 sin 0—4 sin?6) +311 ?0.4(4 сов?0 — 8 cos 0) 


= (sin 0 cos*6 — віп?0 cos 0) 
— sin 0 сов 0 (cos*6 — віп30) 
= 4.2 sin 0 cos 6.соз 20 
= ў sin 20 cos 20= 4.9 sin 20 cos 20-1 sin 40. ] 
36. сов 4r — сов 4y 
= 8(соз ж - сов сов æ + cos y)(cos x — sin у) 
X (cos x + sin y). 
[ Right ві4е-- 8(cos*z —cos?y)(cos?z — sin?y) 
=8.sin (y--z) sin (y—a).cos (у-->) cos (y 2). 
[See Art. 6:3, Ez. 2] 
=2,2 sin (y--z) cos (у+2).2 sin (у- г) cos (y—z) 
=2,sin (2y+22).sin (2y—22) 
= соз 4e—cos 4y. [By Art. 71 (ТР) ) 


CHAPTER IX 
SUBMULTIPLE ANGLES 


971. From the usual formule for multiple angles, namely 
Bin 24 —9 sin А cos А 
cos 24 —cos?4 — sin? A = 9 сов?4-1-1-9 sin? A 
1+соз 24= 9 cos*4 ; 1-сов 2A=2 sin? А 


sin 34—3 віп А-4 віп? А 

cos 3A=4 соз? А – 3 cos А 

3 tan 4— tan? A 

В Зы , 

putting 4-30 and 10 respectively wo derive 


the following 
formuls for submultiple angles : 


віп 6 —2 sin 20 cos 10 
cos Ө= cos? 16 віп? 10-2 сов? 20-1=1-2 sin? 16 
1+cos 6-2 cos? 10; 1- cog 0-2 sin? 19 
2 tan 19 
(ап ө= ап 20_ 
ЕВ 
sin 0-3 sin 20-4 siu? 10 
C080 = 4 cos? 10-3 сов 40 
3 tan 16 - tan? 19 
= гапо iani лө 
tanó 1-3 tan? 29 


92. Values of sin 50 and cos 16 in the terms of cos 6. 


From сов 0=2 сов" 30-1-1-9 sin? 30, we аб once deduce 
sin 50 = + ,/2(1-сов Ө) 
cos 20 — + ,/2(1--сов 6). 
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9°3. Ambiguity of signs explained. 

When cos 0 is given and not 0, 0 and consequently 30 hag 
a series of values as will be explained in Chapter XI. Thus, 40 
may lie in any quadrant and sin 20 and cos 10 will then have 


corresponding signs. 

If the quadrant in which 50 lies be known, for example, when 
0 is given along with cos 0, there is no ambiguiby in choosing the 
proper signs of cos 40 and sin 20, as shown in the following 
example. 

Ex. Find sin 223° and cos 294°. 


sin 293 — ЩІ сов 45°) = NET Ifi (--)- 1м 2, 


сов 294°= + J/A(1--cos 45°) = CENTS (1+2 iri 5 Na+ Ji. 


94. Values of sin 20 and cos 50 in terms of sin Ө. 
We know that sin 0=2 sin 10 cos 40 
and 1=cos* 40 +sin? 20, 
Therefore, 1 + вір 0 = (cos 20 + вір 10)?, 
and 1—sin 0 = (соз $9 — sin 40)“, 
cos 30--sin 20- + ,/1+sin 0 


Hence, 
cos 10 - віп 10 — + ,/1-віп 0. 
Thus, cos #0 = + # /1+віп 0+ $ J1-sin Ө 
and sin 40 = ж 3/1 віп Ө *$ /1- віп Ө. 


9'5. Ambiguity of signs explained. 
Аз before, when sin 0 is given, and not 0, 0 has a series of 
values for the given values of sin 0 as will be explained in 


Chapter XI; 30 may therefore lie in any one of two possible 


quadrants. 
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cos $0 + sin 10 = ,/9 sin (12+ 26) 
and cos 30- віп 36— /2 sin (22 — 30) 
will have their signs determined accordingly. 
Thus, sin $0 and cos 20 will be definitely known. 
Ex. Find sin 15° and cos 15°. 
We have, сов 15?-Fsin 15° = + „I+ sin 305 — ЛЕН 
cos 15°—sin 15° = + Мї—вїп 80° = мМ}, 


[ cos 15° — sin 15° М2 sin (1 — 15°) and is clearly positive, ] 


Thus сов15°= 0+ ЈА Bet 


алое дрн МВ, | 


9'6. tan 40 in terms of tan 6. 


| 
From the formula, tan 0 = -2 tan 46 


l- tango 

i.e., tan 0 tan? 102 tan 30 - tan 0-0, 

we easily deduce 
-гіз Ji+tan20 4 
fanág- — = МІН . 
tan 0 

The reason of the ambiguity is Similar to those of the previous 

cases, 


9'7. Ratios of 30 from those of 6, 
By solving the cubic equation, 

sin 0—3 sin 39-4 sin? 10 
we get sin 30, if sin 0 be known, 


(< со (1) 


Similarly, by solving the cubic equations, 


сов 0 — 4 cos?10 — 3 cos 40 ы -- (2) 
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3 tan 30 — tan?16 э, 
1-3 8199 С ША 


we derive values of cos 30 from those of cos 0, and of tan 30 from 
those of tan 0 respectively. 


and fan б= 


9'8. Ratios of 18^ and 36°. 
Let 0—18'; then 50=90°; .. 98-902-38. 
sin 20 = сов 38, or, 2 sin 0 cos 0= cos 0 (4 cos?0 - 3). 
As cos 0 (2.6., сов 18°) is not zero, we have 
2 sin 0-4 cos*0—8 —1 — 4 віп?0, 
or 4 віп?0+9 вій 0 -1-0, 


—9+ J4*16 (+ Ј5-1) 
8 4 


`. віп бе 


Now, ав 0 hereis a positive acute angle, therefore, rejecting 
the negative value, we get d 


sin 18222 ( J5 - 1). 

сов 18°= + ,/1— sin? 18? = 2(,/10+9,/5). 
cos 36^ —1— 9 sin? 18? — 1( /5 +1). 

sin 86° = ,/1- сов? 36* —3( ,/10-9,2). 


Note, Since 54° and 36° are complementary and 72° and 18° are comple- 
mentary, from the aboye values we easily get the trigonometrical ratios of 54° 
and 72°. 


9:9. Ratios of 3° and multiples of 3°. 
віп 3°=sin (182 - 152)- віп 18° cos 15°— сов 18? sin 15° 
= 5 (4/5 - 1( 6+ 4/2) - 8( 4/8 -1)( /5+ J5), 


on substituting the values of sin 18°, cos 15°, ete, 


Similarly, 


cos 3° =# (/8 +1 ,/5+ МБ) +25 (5/6 „Је)(„/5 - 1). 


н. 8. T&,—8 
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From а knowledge of the ratios of 8°, 15°, 18°, 30°, 36? and 
45°, we can deduce the ratios for all angles which are multiples 
of 8“, (for, 6°=36°—30°;  9°=45°-36°; 19%-30%-18%; 
91°=86°— 15°; etc). For angles greater than 45°, the ratios 
may be deduced from those of their complements which are less 
than 45°, 


9:10. Шивігабіуе Examples. 
Ех. 1. Show that 


Я 2 [3 т З 
sin z—2" cos 2 cos 2% cos дз" сов sin ак 
We have, sin z—2 sing cos З 


z 0 z 
sing =2 sin ga 008 оз 


Z= sin ® =! 


sin оз gs 608 23 


ї 2 
Similarly, sin ge-i=2 sin = cos T 


z z т 
Hence, sin z— 2" соз р сов gs cos эз `` Сов E: sin Я 


Ех. 2. Tfian 30—1an* 3$ and tan ф= 9 tan а, show that 


@+ф=2а, 


. tan 30--tan з 
vetera eat „жасыныз 


= — tan 8$ (1+tan? 39) t 
C-tan" аа 9) “T= tac 37 


=$ tan ф={ап а, 
“Јако 
os 86+ф=2а. 
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Ex. 3. Prove that sec 0 —ían 0 —ían ( -i) 


ide=— l 5in0 1-віп 0 
WAG нта сота ГЕО 


cos? 2 sn? £ —2 sin й соз 21 


= 2 2 2 
C) 
сов? g sin 3 
2 [A 0 8 
( cos 8-ыш4) Ei ан 
Al hepa TRO) ics ane 
( сов -sing )( cos $ sin) cos, +sing 


Dividing Numerator and Denominator by cos 40, 


0 T 0 
EO а у. tan 7 -tang 


r 0 т Ө 
1+tan а 1+tan д tang 


т 
ЦЕ 


зіт 20 1-со0 , 0, 
Ех. 4. Show that 1755907 созе 7078 


6 
pA AL 
2 sin 0 cos P am 2 _2вїп* 2 


2 віп? 0 cos 8 sin 0 


Left side= 


8 
12 ы 
2 віп 5 в 


зіва 


8 8 
2 sing сово 


Ex. 5. If tan 4 =t, prove that sin A+tan l= p = 


4 4 
аңар d Demy or m 


"m 1-tan* 


sin А--бап Де 


1 1 идр - 4 
NE сис Ги 
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= 603 a—cos В 6% 
“Ех. 6. If cos ERU соз а соз В' 27096 that one of the values of tan 10 is 
tan ќа cot 38. 


cos a—cos В 


ЕЕ а сов 8 


~ 1-оов 9 1-сова cos 8—cos a+cos B, 
`" 156086 1-сон а cos B+cos a—cos B 
9 (1--сов B) -cos a (1--сов 8) 
19. 
ог, tan 2 (1—cos В) + сова (1—cos 8) 
(1— cos а)(1- соз B) tan? да 
(1-сов В)(1-Есоз a) tan? 38" 
от, tan? }@¢=tan? За cot? 48. 
Now, extracting the square root, tan 30 = +tan 3a cot 38. 
+". value of tan 40 is tan 3a cot 38. : 


+ Ех. 7, Show that 16 cos TE cos + cos = cos Hrn, 
Left side=16 cos 24° cos 48° cos 96° cos 168° 
=4 (2 cos 24° cos 96°)(2 cos 48° сов 168°) 
J = 4 (cos 60° + соз 36°)(соз 108? + сов 60°) 
=4 ($+ сов 86°) (— sin 18744) 
=(1+2 сов 36°)(1 —2 sin 18°). 
We know, sin 18° =4( 48— 1) and cos 86%- Қ 84-1) 
ВОЗ ав (1-582 - Мт) 
=4(3+ J5)(3— ,5)-1. 
Ех, 8. If sina= 75, and a lies between 180° and 270°, find the values of 
зіл За and соз fa, с 


sina=—¢, 


[Seo 4 9'8 Note. ] 


cos a= € J1—gin3a— + мг (8) ti 


Since, 180° < a < 270°, a lies in the third quadrant ; hence, 


cos a must 
bo negative, 
008 а=—$. .'. сова=1-9 sin? Да, 
or, sin? да=$; 
2 
42» віп дат в: 
Again, соз a=2 cos? 44-1- 78. V. сов? дат, 


a's  008ja-2 фото» 
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Since, 180° < а < 270°, ‚', 90° < да < 135°; 


ie. Яс Нез in-the 2nd quadrant. Hence, sin 4а will be positive and 
cos 4a will be negative. 


sin о and cos вес 
Examples IX 


Prove that (Ez. 1. іо 14) :— 
ПСО МИРНА neis 
ADEM LET METTUS 

A 2 

3. (4 eos 4) =1+sin A. 

4. вес 0 + ап 0—tan ($r + 30).. 
у L+sin @-cos@_, Ө, 

5. (i) TERO RECN ад 


(ii) sin За- J1+sin a 
cos За- J/1+sin а 
and the square root is taken with positive sign. 


= 008 5 ' where 0 <a <a, 


6. (i) 1--віп ор а fete т) 


V 1-sinz 4 AR 


1—cos 20 
[ Putó-ir-iz. Right side tan*ü F eos д0 °° ] 


9 sin 0 — sin 20 2 
Gi i) авіш 0+ si віп Ө+вїп og 81 46. 


7 OE l-ttan$A4 14віп А, 
*Vl-taniA cos A 


(ii) cot B=4 (cot 28 — tan 48). 


sin 20 | сов0 9. 
БЫШ сьв 07 TE CoO D 


(ii) 8 віп“ 30-8 sin 2494+1=cos 20." 
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š 2 tan 30 | l- tan? $0. 
9. sin ET] 10. сов0 1+tan® 16 


11. (cos 2+ сов у)? + (sin s+ sin y)? —4 cos? 3 (z— y). 
12. tan 6° tan 42° tan 66? tan 78^ — 1. з 
[ Express tan in terms of sin and cos and combine 6°, 66° апа 42 
and 78°. ] 
13. tan 73°= J6- J/34 J2—-9. + 
o l= 15° 
(еш 4215? ; it follows from Ex. 1 above, tan 74 =н, ] | 
du “сеш. ex | 
14. 2 сов шл- „Јо /9+ „Јо. 
: 8 1-е, Ф, 
15. (i) Ie tan > = NEG tan 2 show that 
cos 06-4. " | 
1—в cos 0” 


" — Sin a sin f T 
(ii) It tan Deu + сов p SLOW that one of the values of 


tan 30 is tan За tan 38. 


cos ф= 


16. Ifsin a+ 


sin В=а and cos а + cos В= 0, find the value of 
сов (a + B). ` 


17. (i) Prove that 9 віп ł4= + /Т+вїп A+ Ji-sind, and 
determine which are the correct signs when 270° > 4 > 180°. 


(ii) It @=240°, is the following statement correct ? 


2 sin 30— /i+sin 0- A1— sin 0. 


If not, how must it be modified ? 
18. If 4=390°, prove that 


САГУ елуу 
tan 4 = 1+ Ji+tan® А, 


tan А 
ANSWERS 
16, poe 17. (i) 2 sin #4= Jigen A+ A/1-sin А. 


(1) No; 2 sin 40= ,/1-FsIn 0-- A/1—sin б. 


СНАРТЕВ Х 
TRIGONOMETRICAL IDENTITIES 
101. Many interesting identities involving functions of three 
or more angles can be established when there exists a relation | 
among the angles. The most. important of these identities are 
those in which the three angles are connected by the relation 
that their sum is equal бо two right angles. In establishing this 
latter kind of identities, it will be necessary to make frequent 
use of the properties of supplementary and complementary angles. 
Thus, since A+ В+С=л, 
B+C=2-A4, 
gin (B+ C) ^ sin (x- А)-віп A. 
Similarly, sin (C + A)=sin В; sin (А+ B)=sin C. 
Again, сов (B+ 0) є сов (п - А) = — сов А. 
Similarly, cos (C + А) є - сов В; сов (4% В)= - cos C. 
tan (B-- 0) є tan (a — 4)- -tan 4. 


Similarly, tan (0+ 4)= -tan В; tan (4+ В) = -tan C ; 


Е ИОВ 
Again, since, 2 T 2 9 


БО a. fen А 

se (чна (рони 
Similarly, sin (S + 4) о; . 
Again, cos [s T £) = cos (а == 4) =sin 2 
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Similarly, cos (© + 4 )=sin 8 ; 

сов (4 + 2) -sin 5. 

бап (2 +$)=ton а = 3) = 4. 
Similarly, tan (8 + 2) = соб В ; 


А, В) _ C. 
tan (4+ 2) cot 2 


102, Ех. Y, If A+B+C=z, prove that 
“ sin 2A--sin 2B--sin 2C—4 sin A sin B sin С, 
ГО. U. 1931, 38,85] 


Left side= (sin 24 -- gin 2B)--sin 2C 
=2 sin (A+B) cos (4—B)--2 sin C cos С 
72 віп C cos (4— B)--2 sin C cos O 
['.' 4B O27. 1 
=2 sin C [cos (А- В) + соз C] 
=2 sin C [cos (4— B) — cos (4--В)) 
Г 4%В%0-т,1 
=2 віп 0,2 sin Asin В 
74 sin А sin В sin C, 


Ex. If A4 Gus, prove that 
* сов 2A + сов 28+ сов 2С= —4 cos A сов В сов с-1, 


Left side= (cos 24+ соз 2B)+cos 20 
72 cos (А +В) cos (4- B)--2 cos* 0 —1 
= —2 cos О cos (4- в)-+9 со820-1 
Г А+В+О=т,] 
= —2 сов О [cos (4 — B) —соз 61-1 
= —2 сов О [cos (4 — B)+ cos (4А+В)]-1 
[ А+В+С=т.] 
=-2 сов C.2cos А cos В-1 
= —4 cos А cos В cos C— 1, 


TRIGONOMETRICAL IDENTITIES 


Ex. s ff А+В+С=т, prove that 


sin A+sin B+sin C=4 сов & cos Б 


Left віде- (віп A--sin B)--sin С 


A+B „А-В 
йа») 


=2 sin 


[^] A-B 
=2 соз a cos 3 


c 
CE mU e 


Го. U. 1910, 29] 


O% 0, 


+2sin > cos 


pes 


с с 


+9 іп = cos 5 


2 2 


- [^ -B с 
= 92 cos 2 [os 5 +sin С] 
ог AB peos 442 
2 cos 2 [es 2 Te а ] 


с А В 
=2 сов 2.1 608 сов 


2 


A cos В соз 0. 
cos 5 2 


=4 cos а 


Er. 4 ИЕ A+B+C=r, prove that 


B 


cos A+cos B+cos C=1+4 sin 5 віп 5 sin ©. 


Left side= (cos 4+ соз В) + соз C 


A+B , os A= d 
=2 cos а 


А 


c 
az 
що +1—Qsin 5 


с 


о 0 ТАСВ aC 
=2 віп о cos Со 2sin пром 


2 
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с A.B 
=2 sin 5 2 біп 2 sin 5 +1 


Е 
=144 sin singsing . 


Ех. 5. / If A-B--C—, prove that 
tan A+tan B+tan C=tan A tan B tan C. 
Bine, B+0=r-4, < 
s. tan (B+(C)=tan (т- А). 
. tan B+tand | к 
'" I=tan B tan o~ (904, 
ів, tan B+tan Се -іап 4(1-4ап В tan C) 
= —tan A tan А tan В tan C. 

"є tan 4+tan B+tan C-tan А tan B tan C. 
Otherwise : 

tan (4-- B-- C) - tan r=0, 


. tan 4+tan B+tan C—tan A tan B tan С 
"" 1-tanBtan C-tan С tan A—tan 4 tan B 


Since, the fraction is zero, numerator must be zero, 


ғ. tan 4+tan B+tan C—tan А tan B tan C=0, 


ie. tan 4+tan B+tan C=tan A tan В tan C, 


Ех 6. If A+B+C=z, prove that 


REB. с.с С, А АВ x 
tan> tan > +tan 2 tan 2 tan 2 ‘ап > =1. 


ГО, U. 1936, '39] 


TRIGONOMETRICAL IDENTITIES 


Sinco Д+ВЖСЕт, 17 2.8.021. 

бе tan (2 + 2)=tan (1-2). 

E ton 2 tan d теа и. 
1-tan P tan 3 tan 2 

or, tan (ton B +tan S )=1— tang tang 


On simplification, the required result follows. 
Otherwise : 
ВО A,B,C T 
1/ tan (4+ at СЕ за +3) cot 5 


1—{ап Bian О -іап e fan -tan tan B 
2 2 2 
с 
2 


2 2 
B 


5 +tan 2 — tan а tang tan 


ton4 +tan 


Now, the value of the fraction being zero, its numerator must ba zero. 


4 В с с уу. А в 
.. 1-tan g 680 97 tan 2 tang tan 5 tan g 0, 


whence the required result follows. 


Ex. 7. ІҒА-В%С-т, prove that 


А B с t-A т-В тоб 
сов ET z Teos 3 = сов эт T сов 


Right side=2 cos Al cos 2 cos 2 


т-А эт —(B4- C) B-C 
=2 cos 4 E 4 "cos 24 


т-А т+А B-C 
=2 с08 шен [os ani пов 4 | 


[pm 3r -(B-- C) e 1-7 - (B C) 7-4, since, A+ B+C=m 
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t-A THA т-А в-с 
=2 Я cos зга +2 cos ~g соз z 


T A B+C в-с 
= (cos gq toos 2) сов“ cos АП 
(тт А+В+О=т.} 


more B Ой 
= соз а сов 2 +cos 2 


Note, Since, cos 1(r- 4)- sin {#т—{(т— 4)) — sin За А) 
and cos Жт — 4) cos 2(4+ B--C— 4) = cos (B+ 0). 
"є We have also, соз АА сов 4B+ сов ic 


74 sin Кт 4) sin 3(7-- B) sin (7+0) 
=4 cos }(B +0) cos ЖС--А) сов З(4ч в). 


SA If А+В+С=т,‚ prove that 
08° А + сов2В + cog? C 4- 2 сов A cos B сов C=1, 


ГС. U. 1932, 32, 471 
608? А+ cos? B-- cos? C 


= 4(2 cos? 4-2 соз? В) + cos? 

=3(1+ cos 24+1+ сов 2В)+ сов? C 
=1+4(сов 24+ cos 2B)--cos?*C 

=1+cos (4+ B) cos (4— В)+ соз C,cos С 
-1-сов С cos (4-В)-соз С cos (4+ B) 


BERS 4+В=т- 0,1 
=1-cos C [ cos (4 — B)-- cos (4+В)] 
-1-сов С [2 cos А cos В] 
=1—2 cos А cos В сов с, 


whence the required result follows. 

Ex.9. Show that 

tan (8-3) tan (уа) аап (ав). 
=tan (8-7) tan (у- а) tan (a — g). 
Let А=В-7, Веу-а, C-a- f; 
then 4+ B+ Сев-узу —ata-B-0, 

“stan (4+ B- C) - tan 0-0. 

"є tan A+tan B+tan C=tan 4 tan B tan О, 

Now, substituting the values for 4, B, C, the required result follows. 
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Ех. 10. 1/т--у--2-туг, prove that 
z(1—9?)(1—2?) + y(1—2?)(1 72?) +2(1—2?)(1 — у?) = дуг. 
Putting с —tan a, y —tan В, s—tan у, in the given relation, we have 
tan a+tan 6+tan y=tan а tan В tan у. 


by transposition, 
tan a(1—tan В tan у) = —(tan B-- tan y), 


E .. бап В +іап у __ 
іс, tan a= Елан ИТҮ tan (84-4). 


S. а=т- (8+7). 2. а+В+у=т. .’. 2@+98+@у=9т. 
tan (2a +28+ 27) є tan 27 —0. 


Therefore, as in Ex. 5 abve, 
tan 2a+tan 98--tan 2 = tan За tan 28 tan 27. 
Now, expressing tan;2«, tan 98, tan 2y in terms of tan а, бап B, tan y and 
substituting x, у, а for them, we get, 


92 
1-4! 


2y _ 92 82 
1-4" Ж 


i-2^ü-s)ü-y)ü-s 


+ 


Оп simplifioation, the required result follows. 


Examples X 
If A* B* О = л, prove that (Ez. 1 to 16):— 
1. sin А віп B-sinO=4 sin 4 sin В cos C. 


я DR А cot B=1. 


B с ОВО 
8. соб Е + cob + cot 5 =cot 5 cot с сова” 


4. tan 94 tan 2B+tan 20 = бап 94 tan 2B tan 2C. 


Б. (cot B + сов Особ C + cot А)(со& А+ cot В) 
= совес A созес В совес C. 


15. соз?А + сов 
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cot B-cot О | cot О+ соь A , oot А+ со В _ 
6 бап В++бап С tanC+tanA tan A--tan В 


T. 


TA BY 0 
ть sing *sing + вїп 


=1+4 sin "8 sin E) sin ac 


=144sin 2*0 ‚ С+А . A+B 


c08^24 + cos?2B + соз?9 0 

=1+2 сов 24 cos 2B cos 2C. 
9. sin?A+sin?B+sin?0=2+2 cos A cos В cos C. 
10. sin? + sin? 2 4 sin? 2 -1-2sin gain P sin "d 


cos 4 cos B eosC _ 
“gin BsinO" sinOsin 4 sid spo À 
12. біп За tein авио 2 in 4 te ot On 
7 віп A+sin B+sin 0 einige 288% 
sin (В+0- 4) sin (0+ 4- B) sin (4 B. 0) 


—4 sin A sin В sin C. 
sin (В +20) + sin (O--94)-- sin (44 2B) 
=4 sin P.C sin 9-4 sin 4-2. 


*B+2 cos А cos В сов C 7 gin?Q, 


4 B-C = = 
16. о Feng Оу 0,4-8 


=sin A+sin B+sin C. 


-If at В +у — 32, prove that 
(i) sin?a јав + sin?» +2 sin а sin В sin y — 1, 


[ C. U. 1943] 


(ii) tan В tan У tan у tan a*-tan a tan В=1, 
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18. If A, B, C, D are the angles of a quadrilaral, prove that 
6) tan А “бап B+tan Сао D 
cot А+ своё В + cot C+cot D 
—tan 4 tan B tan C tan D. 


(ii) cos A + cos В + cos C + cos D 
—4 cos А+ B) cos (В+ О) cos 3(C + А). 


19. Show that 
(i) eos? (8 — 7) + cos? (у — a) + cos? (a В) 

=1 +2 cos (8 — у) cos (У — а) cos (a 
(ii) sin?a-- sin? +2 sin a sin В cos (а + В) 7 sin? (а В). e 


- p. 


(iii) соз?0 + cos? (а + 0)— 9 сов a cos 0 cos (a +0) is indepen- 


dent of Ө. 
20. (i) П а+ в= у, show that 


сов а + cos? f + с03*7=1 + 2 cos a cos В cos У. 
[ C. 0. 1940] 


(ii) If a+ 8» = 2л, show that 
cos 2a + cos? В + cos?” — 9 cos а сов В сов У - 1 


If cos (А+В) sin (0+) є сов (A-B) sin (C-D), show 


21. 
that 
cot A cot B cot C=cot D. * 
22. If A+B+C=28, prove that 


(i) did. A) + sin (S - B) * sin (5-0) віп S 
лу dis sd. 
prev p] З 


(ii) cos? + соз B + cos? 0 +2 cos А cos В cos C- 1 
=4 сов S сов (5- 4) сов (S— В) сов (S – C). 
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23. It А+В+0= nz (n being zero or an integer), show that 
-tan A+tan B+tan C=tan А tan B tan C. 
ГА--В-тл-С. .*. tan (4+B)=tan (n7 — С) = —tan C. 1 
24. Show that, if a+ BtY-m, 
tan (8-- y — a) - tan (Y a — В) + tan (a-- 8 —y) 
= tan (В+ y — a) tan (у+а- B) tan (a 4- 8 — У). 
25. If A*- B б-л, prove that 
(i) sin 4 сов В cos С sin В cos О cos А 
*sinG соз A cos B —sin 4 sin B sin C. 
(ii) cos А sin В sin C+ cos В sin C sin А 
+ cos C sin A sin В=1+сов А сов В cos C. 
. (iii) sin 54 - sin 5B ніп БО 
пава, уз 80 
сов 9 cos 9 сов 9 
(iv) (tan А + вап B+ tan C)(cot 4 + cot В+ cot Q) 
=1+sec А sec В вес О. 
26. If сов А “сов В+ сов 0-0, show that 
cos ЗА + сов ЗВ + cos 30-19 cos А cos В сов C. « 
27. Itzytz-im, prove that 
cos (x — y — 2) + cos (ус 2-а) + cos (z-m— y) 
— 4 cos 2 cos у cos z — 0, 
28. Show that sin (y - sin (2- є) Я віп (2- y) 
+4 sin! 7* sin AS sin 1-0, 
29. Пт%у%2-0, show that 5 
cot (2+ @-— y) cot (c y — а) cot (c +y- г) cot (у%г-а) 
+ eot (у+2—) cot (zz —y)—1, 4 
90. Itz-y-z-zyz, prove that і 
Засат, Зу- у? 32—28 За да Зу- y? 8а- 2° 


рат ГА 


lr9s 1-9y' ТТ Ва сос о 


CHAPTER XI 


TRIGONOMETRICAL EQUATIONS AND 
GENERAL VALUES 


111. It will be apparent from Chapter IV that there are 
infinitely many angles, the trigonometrical ratios of which have а 
given value. For example, if sin @ = 3, one value of 0 (the smallest 
positive value) is known to be 80“. Now, sines of supplementary 
angles are equal. Hence, sin 150° being equal to sin 30° is also $. 
Again, angles differing from 30° or 150° by complete multiples of 
860% will have their sines (in fact all ratios) the same. Thus, sine 
of each of the angles 80% 150°, 890% 510“, - 330°, - 910“, etc. 


is equal to $. Similarly, if cos 0 be given, equal to E зау, 


0 may have any of the values + 45°, + 315^, +405°, — 315°, —45°, 
etc. ; or else, if tan 0 = 4/3, 0 may have any of the values 60°, 
240°, 420°, — 300°, etc. 

It is very convenient for the solution of trigonometrical equa- 
tions, as also for other purposes, to obtain a general expression in 
а compact form embracing all angles, the trigonometrical ratios 
of which have а given value. 


11'2. General expression of all angles, one of whose 
trigonometrical ratios is zero. 

ТЕ the sine of an angle be zero, from definition, the length 
of the perpendicular from any point of one of its arms upon 
another is zero, 80 that the two arms must be in the same straight 
line, Evidently, therefore, such angles must be zero, or some 
multiple of л, odd or even. 


н, S, Tr.—9 
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Thus, if sin 6-0, then 6— nz, 
т being zero, or any integer, positive or negative. 


When the cosine of an angle is zero, the projection of any 
length along one arm upon another is zero, and so the two arms 
must be at right angles to one another. The angles must there- 


fore be evidently either ^ or Эл or differ from these by complete 


2 
revolutions ; in other words, the angle may be any odd multiple 
л 
of 2 


Thus, if cos 6-0, then 6— (2n4-1) Zo 
Nue Cia 
n being zero, or any integer, Positive or negative. 
Again, if tan 6-0, then its numerator sin 0 is algo zero 3 
and во Ө-пл. 


Similarly, if cot Ө == 0, then cos 0-0: j 


and во Ө=(2п+1) 5 


—————À 


Note. The ratios совес 0 or вес 0 ca; 


n never be zero, for they can never bo 
numerically less than unity. P 


113. General expression of angles having the same sine 
(or cosecant). 


Let a be any angle positive or negative such thatits sine is 
equal бо a given quantity k (numerically not greater than 1); for 
fixing up the idea, and for the sake of convenience in praotice, 
the smallest positive angle having its sine for the given quantity 


k is taken as c. Let 0 be any other angle whose sine is equal 
to k, 
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Then, sin 0 -віп a, 
or, віп0-віп а-0, 
оғ, 2sin 2 (0-а) cos  (0+а) - 0. 
either sin $ (0 - а) 2-0. 
ie, k(0—o)-any multiple of x — mz, =з (їй 


or, else сов $ (0 +а)=0, 


іе, + (9+а) =апу odd multiple of 5 7 (2m+1) B: о 
From (1), 0—a-9mz, ге, 0—a-*2mm. © (8) 
From (9), 6+ a = (дт + 1)a, i.e., Ө = — a +(дт® + 1)л. - (4) 
Combining (3) and (4), ве(-1)"а + nz, -- (5) 


where n is zero, or any integer, positive or negative, odd or even. 


If cosec 0 = cosec a, then sin 0 —sin a ; hence all angles having 
the same cosecant as that of a are also given by the expression (5). 


Thus, all angles having the same sine or cosecant as that of a 
are given by 2na + a and (2n+ 1) — а, 
or, пл+(- 1)"а. 


11'4. General expression of angles having the same cosine 
(or secant). 

Let a be the smallest positive angle such that its cosine is 
equal to a given quantity Ё (numerically 1); and let 0 be any 
other angle whose cosine is equal бо k. 

Then, сов 0 = сов а, 

or, cos a— cos 070. 
2 sin $ (0 + a) sin $ (0 — a) - 0. 
either sin $ (0 + a) є0, š 
‚46, $ (6 + а) = any multiple of z= пл, - (1) 
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or else, sin $ (0 - a) - 0, 


ie., %(0-а)-апу multiple of a nz. о (0) 
From (1), @+a= Эл, ог 60-29nz-a. - (8) 
From (2), @-a=2nz, or б=9лл+ a. -- (4) 


From (3) and (4), we have, @=2nz- a, 
where n is zero, ог any integer, positive or negative, 


~ 
e 
=. 


It is also evident, as in the Previous case, that all angles 
having the same secant as that of a are also included in the 
expression (5). 


Hence, all angles having the same cosine or secant as that of a 
are given by 


2nz a, 
т being zero, or any integer, positive or negative. 


Note. Asin Art, 119, instead of taking the smallest positive angle, we 


y one angle having for its cosine the given quantity X. 


The general value of 0 satisfying cos 0 cos а ав obtained above, would not be 
affected at all. 


115. General expression of al 


1 angles having the same 
tangent (or cotangent), | 


Let а be the smallest Positive 
equal to a given quantity №; and 
tangent is equal to k, 


angle such that its tangent is 
let 6 be any other angle whose 


Then, tan 0 -вап a, 


віп0 sina | 


07, cos 0 cosa 


} sin 0 cos a — cos Ө sin a 

-COS асова аа 
9r, cos 6 cos a z 
sin (0-a) _ 


or 
” сов Ө cos a 
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sin (0 — а)“ 0, 
i.e., 0—a-$ny multiple of л= лл. 
9=а+ пл. -T (1) 


The factor T cannot be zero, for cosine of an angle а 


соз 0 cos а 
cannot have an infinitely large value. 


It is also evident as in &he previous case that all angles having 
the same cotangent as that of a are given by the expression (1). 

Hence, all angles having the same tangent or cotangent as that 
of a are given by 

пла, 

n being zero, or any integer, positive or negative. 

Note, The remark below Art. 11'4 is applicable here also. 

11'6. Special cases. 

From Art, 113, considering both cases when n is odd or even, 
it may be easily seen that à 


if sin Ө=1=вїп >’ @=2nx+ 5 =(4n+1) 5 г 
and if sin 0- — 1= віп (- =), 6-2n4- 5 — (42-1) 5 
or, = (4к+3)5' 


where n (or #=п- 1) is zero, or any integer, positive or negative. 
Similarly, from Art. 11'4, i& may be seen that Å 
if cos 6-1, Ө-2пл 
апа if сов 6--1, Ө — (2n4-1)z, 
n being zero, or any integer, positive or negative. * 
These are the usual forms in which the above special cases 


are used in practice. 
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11°7. Geometrical Treatment. 


(2) Geometrical construction ој an angle whose:sine (or cosecant) 
1s given, and to obtain a general expression of all such angles. 


Let the sine of an angle be given equal to ‘a’, 
Taking the perpendicular lines X’OX and Y OY for reference, 
draw а circle of unit radius with centre О. 


— — 
Measure off ON —a along OY (or along OY’ if a be negative). 


тои —> 
Through М draw a Straight line PNQ parallel to XOX meeting 
the circle at P and Q. 


Then, т/.РОХ-а say, is one of the required angles, for | 
ЕД ыл -ON a. 
sin a=sin mZOPN ОР” т "а 


Another angle with the same Sine, as is apparent from the 
figure, is mZ QOX —a—a (or 3n- a На=ом be negative, which 
is trigonometrically the same as z- a). 


'a' being given in magnitude and sign, the position of М 
-> 


оп Y'OY is fixed and thus in one revolution, 7.¢,, from 0 to дл 
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there are, as is clear from the figure, only two angles a and 
л-а having the given sine.* 

Now, the addition or subtraction of any multiple of 2л makes 
no difference in the values of the trigonometrical ratios of an 
angle (See Art. 511). 


Hence, all the angles having the same sine ав that of a are 
contained in the formule тл + a and 2m7 + x- а i.e., (2m ат a, 
where m is zero, or any integer, positive or negative. Both the 
sets of angles are evidently included in the formula nz+(-1)"a, 
n being zero, or any integer, positive or negative. 


(ii) Angles with given cosine (or secant). 


Let the given cosine be ‘a’. As before, measure off ON=a 
— — 
along OX (or along OX’ if "а" be negative) and through N draw 


— «о 
РМО parallel to Y'OY to meet the circle with centre O and 
radius unity, аб P and 0. 


*In the same quadrant there cannot be two distinct angles (without 


being coterminals) having the eame sine, for the corresponding triangles will 


then be congruent. 
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Let ZPOX=a. Then, a isa required angle. Also from the 
figure, the only angles in the first four quadrants which have the 
given cosine are a and 2x — a. 

Adding or subtracting multiples of 27 to these, all the angles 
having the same cosine as that of a are given by 2mata or 
2тл + 21— а, both of which are included in the formula 2пл+а, 
п being zero, ог апу integer, positive or negative. 

(iii) Angles with given tangent (or cotangent). 


the third quadrant. If 
in the second or in the 
nly two angles, within 
PParent from the figure, 


one revolution, t.e., from 0 to Әл as is а 
with given tangent. * 


*The ratio РЇ: ON being given, and the included angle РМО being right, 
the triangle РМО constructed remains always similar to itself and so in the 
Same quadrant the / PON of the triangle is unique, 
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One of the angles being a, the other is evidently (from the 
figure) x-- a. Adding or subtracting multiples of 2z, all the angles 
having the same tangent as that of a are given by 2mz+a or 
9mz + л + a both of which are included in the formula zz + a where 
n is zero, or any integer, positive or negative, odd or even. 


118, Illustrative Examples. 
Ех.1. Solve 9 (0570 — sin?0) = 1. 
The given equation can be written as 
9 cos 20 — 1. 2. eos 20 =} —cos іл. 
2. 90-9лл-Еіл. г. 0б-штл іл, 


Note, It may be observed that a trigonometrical equation can be solved 
in Several wayB; and the results though difierent in forms will give the same 
series of angles. To illustrate this we work out the above example in another 


way. 
The equation can also be written in the form. 


2(с03°0—1+ cos?) = 1, ог, 4 сов'й є 3. 


є ES es Drs 
9 cos 0= Ж о =с08 ' ог, сов = 


.. 0-Әтт 5! ог, атт бт. 


Now, Ima = (m+ 1)х— =? ог, (25—1)r4- a 
All the four sets of solutions, m being any integer, can be inclued in the 
expression лт ёт, in which form the result has already been obtained by the 
previous process. 


Ех. 2. Solve 4 cos?z +6 sin*a=5. 


The equation can be written as 
4 соз +6 sin*z = 5 (sin?z + cos*z). 


EJ 


. 9 
*. виа cos*z, or, tan^z— 1. 


+. dang жі. 2. т=лл+{л, 
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Note. Equations of the form a cos?x-b sin?x-c can Ье easily solved 


by the above method, or by expressing sine in terms of cosine or cosine in 
terms of sine. 


«Ех. 3. Solve 9 sin2x + sin®2¢ — 9, [ C. U. 1940] 
The given equation can be written as 
9(1 - sin?z) — sin?9z — 0, or, 2 сов — 4 віп: cos?z = 0, 
ог, 9 сов'є(1 - 9 sin?z) — 0, ог, cos?z cos 9л — 0, 
7. either сова -0, i.e, rz nz л, 
ог, сов 2z—0, ie, 22 = 9пл 4л. 2. пепла, 


H . 
9 

Dividing both sides of Ње equation by ,/12412, $6, 4/2, 
we have 


«Ех. 4. Solve cos 0—sin бе 


cos 0L — sing += 1, 
N2 /@ 9 
i.e., сов 0 cos 1z — sin 0 sin іл-3. 


сов(0%іл)-совӛл. 3. 0+4n=2nn+ За. 
8—92nn-cisnm, ог, na- ул, 

Note. Extraneous solutions. 

In géneral, as pointed out in Ех. 1 above, 
equation may be solved by different methods, 
arrive at, though apparently different in some 
In some cases, however, 
equation by methods which 


the same trigonometrical 
and the forms of the result we 
cases, are ultimately equivalent. " 
we may be tempted to solve а trigonometrical 
have flaws in them, leading to solutions which 
include in addition to the correct Solutions, some extraneous solutions wbich 
do not satisfy the given equation. The given equation which is of the tyP? 
4 0080 -+ sin 0—c is an example. We proceed to demonstrate it as follows : 


Here, cos 0-4. =sin б. 
Ja 
«є сов70-- 4/2 cos 0+3 =51070=1— cos?6, 


Whence 9 0828 — „Ја cos 0-%-0. 


D 
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= =cos m or, cos ШЫ, aU 
4 2 Ја ipp PO зат 


N24 2+4 1+ 8 


а. cos 0“ 


г. бедптіфтзт, ог, nrt тая. 

But it can be easily seen on substitution that 

9nz— үт and Inx+ рут do not satisfy the given equation. The error in 
the method lies in squaring the equation as we have done; for the squared 
equation includes the equation cos 0— э” —sin 0, i.e., cos 0--sin б- ко of 
which the solutions are 2n — үт and 2ят + тат. 

Equations of this type are therefore best solved as in the next example, 
and not by squaring. 

Thus, while solving any trigonometrical equation it ts always 
advisable to verify the roots obtained ; for thereby extraneous 
roots, if any, can be easily detected. 

Ех. 5. Solve a cos 0 +b sin 0 — c. (с> Ja? нь?) 
2 Put a=r сов а, b=rsin a, choosing the smallest positive value 


of a, keeping 7 positive. 


Е im dul ал erg 
Then, r= ад? and sin dB 


The signs of a and b will determine the quadrant in which 
a lies, and a and b being given, 7 and a are definitely known. 


The equation now becomes 


r cos (0 — a) ^c, 
or, eos(0—a)- aS O08 B 
2 Ala + і 


fn D TH H : с 
where В is the smallest’ positive angle whose ee is EP 


and a, 6, с being known, В is also known. 


Hence, 0-a-92mnat, or, 6= дна Та В. 
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Note. АБ фе which is introduced in a trigonometrical work to facilitate 
calculations is called а subsidiary angle. Thus, а and В are here subsidiary 
angles. т 


«Ех. 6. Solve 4 соза +5 sin 2-5, given tan 51° 91'=5, 
Dividing both sides of the given equation by A/42-- 52, ien by 
А/41, we get 


D In et Lg a ы. (1 
ма 6082 +g sin a ЛІ З ) 
Since, tan 519 91/— 5, 


sin 51* 21e. cos 51° gi! a 
(1) reduces to 
соз 2 сов 51° 21’ + gin т sin 51° 91’ =sin 51° 917, 
cos (2 - 51° 917 = sin 51° 91”- cos 38° 39/, 

“+ 20—51° 91'=9лл+ 38° 907. 

V. m-9nad 90°, or, 9ng 199 49, 


Ex. 7. (i) Solve 2 зіп + sin? %=9 for -n< я, 
From Ех. 3 above, 


we see that z = пл 1z s (1) 
or, 2 — na 1a. 22 5» © (2) 
ЕО Dd weidst гейін, фон foin tho 


given interval. Putting под, 1, -1 (2), we get m= Ал, ўл, 
= in which also Це in the given interval, 


Hence, the required values of z are Xin, +42, +27, 
(ii) Solve cos 0+ ,/8 sin 0-9 
for 2л < 0 < 95 ang 3a < 0 < 5л. 
Dividing both sides of the equation by 13, i.e., 2, we have 
сов 0: ^ +sin 0- 8-1, 
2.6.) соз 0. сов $л+ sin 0. sin 1л-1, 
1.6., cos (0 — 52) - 1. 


0—32 7 дил, i.e., 9 —92nz Іл. 
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Putting n=0, —1, we get 6-іл, - бл, which lie in the 1st 
interval. 

Again, putting n=1, 9, we веб 0 —$z, зет, which lie in the 
2nd interval. 


Ех. 8. Solve tan az = cot bz. 


Here, tan az = соб bx = tan (За — bz). 


ac—nnzdtia- 
g-2nt*lz, 
“а%% 9 


«Ех. 9. І? secaxtsec bz —0, show that the values of x form 
two series т А. P. 
We can write the given equation as 


1 + 1 =0, or, cos ах + вов br =0, 
соз az сов bz 


or, 9 cos $ (а b)z cos $ (a— D) c — 0. 
соз (0+0) 2=0, or, cos (0-5) = =0. 


Қазда- ло, or, 30-02-9140» 
i.e, md - (i) от, елш 2) (08) 


where n is zero or any integer positive or negative. 


Putting n —0, 1, 9, ...... in (i), we get 
п Зл ба, 


atbatbatb — 


which is an А. P. whose common difference 1 a 5 
Similarly, from the value of т in (ії), we get а series А, Р. 


whose common difference is me 


Similarly, when we give negative values to 7, we get two series 
" = : = 9л = дл, 
in A. P. whose cómmon difference are a45 °? d —7 EU 


I 
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Ех. 10. If sin (a cos 6)= cos (x sin Ө), prove that 


+ cos (= =) = ELE n being zero or any integer. 


Since, sin (л cos 0) = cos (a sin 0). 
7. “сов (3n— a cos 0) = cos (a sin 0). 
` asin 9 — дпа (5л — л cos 0), 


ntl 
or, sin 0 + cos 0 eil 


1 inl 
or, 7/9 вїп 0+ Jg eos 6: 9 Јо 


1 
Or, sin A sin део“ сов gaint), 


9/2’ 


от, ЧО = intl, 


Examples XI 
Solve the following equations (Ex. 1 to 23) :— 
1. cot*z-cosec?m — 3. 
2. (i) 9 соз? +4 gin29 — 3. 
(8) tan29=3 cosec?0 — 1.» 

3. tan z—co&z— созес т. 

4. cot c — cot 9т-29.. 

5 2 sin 0 tan 0+1 ав 0+9 sin 9, « 
“6. sin 50-sin 6=sin 30, , 

7. sin m6-sin n0— 0, 

8. cos 2 + cos 3x + сов ба + cos Та 0, 

9. cot 2%=cos х t sin т. 


10. sinz-cosz- 9, for сама 
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11. sin 92 tan æ+ 1=gsin 9z t tan v." 

12. cotz—tanz-9.' 

18. віп 2“ /З совт- ,/9.. 

14. 2sinz sin 3r— 1. 

15. sin 0+9 cos 0-1. 

16. бап бап 25 +680 З= —tan x tan 9л tan 3x.» 
17. tan (ia -0)- tan (1a— 0)- 4. 

18. tan 2 + бар 22 “бап с tan 22-1.% 

19. cos 6+ ,/3 віп 0= 9. « 

20. ./З сова Жвіп с -1, for —9л < т < 9л. 
21. сов 9д = соз c sin 2. 

22. 2 сока Ев 2-2 совест. • 

28. cos œ + вш ат соз де + sin 9. * 


[ сов д – соз 22--віп 22-віп 2, ог 2sin {х sin 45=2 cos да sin ix. 

45 sin da (sin ўш – соз $2) 2 0. 

either sin 42-0, ie, Зхелт ie, z-9nr, 
or, sin iz—cos jz—0, ie, sin іг-сов іс, or, tan іше1-бап ir. 

SS флх=тпт+{т. 2. c= nrt+ dr.) 

24. Solve 2 sin?z-sin 223 ; and find all the angles between 
0° and 1000° which satisfy it. 
[2s5in?z-sinz—3-0, ог, (sinz—1)(2 sin 2+3)=0. 

4. sinz-l, or, sinz=—}. The second equation has no solution, 
as the sine of an angle cannot be numerically greater than 1, Now, from the 
equation, sin z—1, we get the general solution as д= дат + т. Putting n=0, 
1, 2, we get 2=90°, 450° and 810° as the only angles lying between 0° and 
1000°, ] 


25, Find the solution of the equations (general solution is not 
required) 


с 


бап 2 бап y=2 
2 cos z cos y — 1. 
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sing віпу 
cos 2 cosy 


[ From the first equation, 


от, (шебш n or, sin (g+y)=2cos = cos у-1. 
сов 2 COS y 
S. т+у=90°. г. y=90°—a. 


47. 26035 соз y=2 сов т. cos (90° —2)—2 сов 2 sin x 
=вїп 92-1 (from the 2nd equation). 
2. 95=90°; c—45^: and hence, y—45?. ] 


26. If бапає- бап 65=0, show that the values of 2 form 
8 Series in А. P. 


21. Solve 


(i) сов 32 + cos 2x + cos с —0.* 
(ii) cos 9х cos 72 = cos bz cos 3m, — ia <a < їл. 
(ii) бап æ+ tan 22+ tan 32 = 0. 
(iv) cos z — sin z —cos а + sin а.. 
(v) eos*z — cos æ sin 2 — sin?z — 1. 
(vi) cos бх- cos 4z = ain 35 + sin v. + 
„у sina , cosa 
S еру oos ds 


=. , 


28. Solve 5 cos 0--2 віп 0-9, given tan 68° 19'— 93. 


29. Find those pairs of solutions of the following equations 


which correspond to positive solutions less than 9л of each indi- 
vidual equation : 


(i) sin (a— 8)=0 ; sin (а+ 68) 21. 
(ii) sin (a — В) = cos (a + g) - 3. 
80. If sin A=sin B, cos А = сов В, prove that either А and В 
are equal or they differ by some multiple of four right angles. 
[sin А-віп B and cos A=cos В, tan A=tan B, giving the general 
Solution А = тт + B, where m is zero, or an integer positive or negative. Now, 
if m be an odd integer, say 2+1, sin A=sin (Qkr-+7+B)=—sin B and во the 
given equations aro not satisfied, Hence, m must be even, in which case both. 


the given equations, are satisfied, Thus A and B differ by an eyen multiple of 
т, i.e., by some multiple of four right angles. ] 
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31. Show that the three equations 
зіо?0 = sin?a, cos?0 = cos?a, tan?0 =tan?a 
are all identical and the solution is always nz a. 
[From віп?0-віп?а, we get l—-sin*ü-1-—sin?a, i.e, cos*@ = сов? а, 


Hence, tan*ü—tan?a ; similarly, cos?ü—cos?a leads to $81170 =$ап?а, from 


which we get бап 0 = {ап a=tan (Ка), .’. 9=пт- а. ] 


32. Show that the samo two series of angles are given by the 
equations 


a+ 7 = лл Ж ЛЕ and v- z — nz 55 
Сенки, у. sin (е) ева финна ay. 


2. cos (ёт -2--фт) = сов (4т- іт). 2. соз (z—12)- 60s т, йз Пе 


—2nzi)r. This proves that the sama series of angles are given by the two 
equations, ] 


ANSWERS 
1. art go i.o. (97+ я . 2. (i) пт 1. (ii) ата EE 
3. Intt Ti (2%+1)r. 4. Е) 
5. пт, or, тато 6. AS or, атс. d 
7 ня 8. (0п-.1)5» or, (ла) 75 or, (дача). 
9. пт, от, A * Cs where віп а= 0—1, 10. iz, 


т, т, 5т 
Шегі 12. ("+15 13. ито or, тт. 


14. (Qn+1) 7+ ог, пт. 15. inn т, 


ог, 2лт— В, whore B is 


а positive acute angle whose sine is 3. 16. inr. 


18. (вина) о! [в 7 Зт-а. 1 


н, S. Tr.—10 


E 12; пт + $т, 


19. Зпт+ рут, ог, Inet ди. 
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20. - іш, — iz, ir, Ni. 21. 3(nz-Fa), where бап а=2, 22. 
28. Эпт, $(4n+1)z. 24. 90°, 450°, 810°. 


. Inr, 
25. ir, iv. 


27. (i) nz dr ; 9nz ijr. (ii) 0, ti Zt Al: + fs 


(iii) Fi net tan к (ix) 2nz —a, іні, ра, 
4n+1_ 41-1 
(у) 2n, or, 9nz — ўт. (vi) (Qn+ 1; р CA cm 


(il) ne 55 (n+ )$ - 5 : 28. пт+(-1)" 21? 48/ — 68? 19’, 


29. (i) a=ß=łr; or, а= т, B=—}r, 
(ii) а= т, Ве; or, а= т, 8-1»; 
ог, a=r}, В= Тит, ог, а= уут, Ве — dr. 


CHAPTER XII 
INVERSE CIRCULAR FUNCTIONS 


121. The equation sin 0 = 2 means that 0 is an angle whose 
sine is т. It is often convenient to express this statment inversely 
by writing 0—sin^'z. Thus, the symbol sin^'z denotes an 
angle whose sine is г. Hence, віп “т is an angle, whereas sin 0 
is а number. The two relations sin 0—2 and 0 sin іш are 
identical ; if one is given the other follows. Тһе symbol віп іт 
is usually read as "sine inverse с". Sometimes it is also denoted 
by arc sin 2. 


Note, 511-15 must not be confused with (sin 2)-*, ве E 


1279. Woe know that if 0 be any one angle whose sine is equal 
to т, then sines of all the angles given by nz+(—1)"@ are equal 
toa. Hence, sin іс has got an infinite number of values, and as 
such, sin 22 is a multiple-valued function. 

Hence, the general value of sin ^t — na t (— 1)" sin "v where 
on the right-hand side sin~*a stands for any particular angle 
whose sine is z. 

Similarly, the general value of 

cos `m — дил сов *z 
and of tan" z — nz + tang, 

The smallest numerical value, either positive or negative, of 6 
is called the principal value of sin-*z, Thus, the principal value 
ofsin "8 is 30°. It corresponding to the same ratio, there are 
two numerically equal angles, one positive and the other negative, 
it is customary to take the positive angle as the principal value ; 
thus, the principal value of соз 15 ін 60°, and not (—60°) 
although cos (- 60°) =$. 
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In all numerical examples, the principal value is generally 
taken. 

сов іт, бап іт, совес іт, sec "іт, cot = have similar signi- 
ficance and all properties as those of зіп “а. These expressions 
are called Inverse Circular Functions. 


12°3. If sin 0 - є, then 0 — sin 12, i.e., Ө=вїп 1 sin Ө. 
Similarly, Ө = сов”! cos Ө= tan‘ tan Ө; etc. 

Again, if Ө=вїп іп, sin б=т, ie, Sin sin 'x = X. 
Similarly, cos cos ‘х= х ; tan tan" !x ^x ; etc, 


Also, we have E 


I qu " соја! Е БЕ! 
совет іх = віп “=; eot !x—tan^! =; вес хе сов 1-5. 
x x x 
Let соѕес “5-0; then cosec 0 =. 
д 1 
Sin0— + 
cosec 0 т 
ІТ tb Ste 
Hence, 0 = sin f and therefore, совес а = gin zh 


es DA 
In the samo way we have, cosec D звір tg. 


The other relations follow similarly. 


124. As all the trigonometrical ratios сап be expressed in 
terms of any one, similarly all the inverse trigonometrical ratios 
can be expressed in terms of any one inverse ratio. 

Thus, let sin"!z —0 ; then sin 6-2, 


cos 0— ,/1—z? ; tan 0 "um $ cot 0— SEN 


1 1 
sec 0 = = =>. 
TESTS and созес 0 z 


0 —sin "y —cos ^ Л = ап 135 


= со «Ла 


INVERSE CIRCULAR FUNCTIONS 


1275. То prove that 


А гу с 2, x 
1 (i) sin^'x-eos^'x- 5% 


\(ii) tan^'x-Fcot^'!x- =. 


(iii) cosec"'x- вес" х= $ . 
(i) Let вка че 0 ; Беван 
Now, sin 0 = соз (3л — 0). 
cos (л — 6) = and hence cos е — 1a - 0. 
Therefore, віп 12 + cos 12204 3a — 0— 3a. 
(ii) Let tan^*z —0 ; then бап 0-7. 
New, tan 0 є соб (&л – 6). 
cot (in-6)=a. .’. соб ет л 0. 
tan" g + cob ^g —0-F 1a - 07 ба, 
(iii) Let совес "2-0; then cosec 0 = 2. 
Now, созес 0 =sec (ёл 0). 
2. gSec(la—8)9 m. <. вес !2-іл-0. 
. созес “+ вес 12=0 + ta- 0“ їл. 


1276. То prove that 


Ж ТЯ Кз ax) RAY Ж 
(i) tan™'x+ tan ‘у= ав" ү— Xy 
" EXE IO E ERI СКИ, 
(ii) tan” 'x-tan^'y = tan Тху 


Let tan z-a;and Муса; 
then tan атт; апа бап f — y. 


Бап а+ бап В теу. 


Now, tan (а) Т ана ЊЕ В 1-ау 


149 
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= pi zty, 

а ЕВ =tan ПЕР 
- -і Ti. si ті жу, 
13. бап "z-tan y= бап EA 


бапа бар В 2-у. 
1 +бап а бап В lt+ay 


Again, бар (а- 8) = 
а В 
a— В = бап ear 


pia Be 
1+ту 
Note. It can be easily proved as above that 


i.e, tan 'z—tan ус tan t 


т” -1 y=cot-? 201, 
cot-* х с06-* y=cot ya 


1277. То prove that 


tan^'x--tan^!y-Ftan"'z- tan? СУВА xyz | 
1-yz-zx-xy 
Let tan z—a;tan !y-B;tan !g—y, 
`. бапа=т, tan f —y, tan са, 
Now, бап(а%р--?) 


бап а+ бар В + tan У — tan a tan В tan У 

1-бап В tan У - tan у tan a— tan atan В 
= +И+2- 22 
l-yz-zz- ry 


Hence, а+ в *Yy-tan"i жчуфа-тує, 
-)2-22-ту 
Since, a+ BY —tan-ig + lan у + tan~*z, 


the required result 
follows. 


Note. This relation can also be deduced 
of Art. 12'6. Thus, 
Left side— (tan-'z - апі) + апт. 


zy Tig. i 
Гај 80 "а now again apply Art, 126. 


by applying twice the formula 


=tan-* 
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12°8. In fact for most of the formule involving ordinary 

circular functions, corresponding relations connecting the inverse 

circular functions can be easily deduced. Іп addition бо those 
given above, some are illustrated in the following examples. 


Ех. 1. Show that 

(i) зите + віп ^? y = sin? fe J1—-y?+y Ја“) 

(а) сов im соз ®у = cos? {шу / "(1-а9)1- 9), 
(i) Let sin "аа, зїп а=т and cos a= 1-28; 
also let sin “у= В. sin B=y and cos B= ,/1-/3. 
Now, sin (a+ В) = sin a cos В Е cos a sin f 

се Дсу ty 1-28. 

s. atp=sin "о Ji-y2ty 1-9). 
Since, а%ф-віп акт Ту, the required result follows. 


(ii) These relations follow similarly from the value of 


cos (a+). 
Ex. 2. Show that 
(i) 2 зіп 2 — sin (2x 1-27). 
(ii) 9 сов іа = сов (22° - 1). 
liii) 2 tan"! c — tan * 1 w 
віп a=2, cos a= ,/1- 29. 


(i) Let ніп *z =a. 
sin 2a =2 sin a cos a да /1— 22. 


Now, 
9a —sin^* (92 1-22). 
Since, а-віп іт, the required result follows. 


(ii) & (iii), These relations follow similarly from the corres- 
ponding values of cos 2a in terms of cos a and of tan 2a in terms 


of tana. [See Art. 877.) й 
The above three relations can also be deduced by putting c for у 


Note. 
in the values of sin-*a+sin-‘y, cos7'z-- cos"! y and tan^!'z-Ftan^!y. 
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Ех. 3. Show that 
(0) З sin ^2 —sin-* (2x — 42°). 


(ii) 3 cos" — созі (453 — За). 


Е 5 
(iii) 3 гат: = tant ја за [ C. U. 1988 ] 


(i) Let sin?z —0 ; then sin ГАГА 


Now,. sin 30—3 sin 0-4 Sin*0 = 3z — 452. 
30, i.e., З sin "y — sin-* (35— 422). 


` Gii) & (iii). These relations follow similarly from tho corres- 


Ponding values of cos 30 in terms of cos 0 and of tan 30 in terms 
of tan 0. [See Art. 82. ) 


Note. The result (iii) may also be deduced by putting y=z=«c іп the 
‘formula of Art. 127, 


* Ех. 4. Show that 


Арас ier сам 

9 tan-'x=sin "труе сов у їжу (ап = 
Let ^ tan !g-9, tan б=г, 
Since, singg-2tand _ 20 


lctan?0 14g І Art. 8'3, Bx, 1] 
20, i = in- да 
+ 20, i6, 9 баці: = sin! 128+ 
= 2 
Since, cog 99—1=tan*9 1-25 
l*tan*g 1422 
and tan дө =_2 tan 0 - Я». 
~tan*@ 1-7 


the remaining relations follow similarly. 


* Ex. 5. Show that 


-і 4-0 -1 Бос ash OS) _ 
tan тар "т 1а ро tan Тов 0 


1 
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186 term of left side = бап *a — tan ^5 | By Art. 126 (ii) | 
9nd бо -- -- —tan b- tan "c. 


3rd c ee -- —fan tc- tban а. 


Hence, adding up the three terms, the requiréd result follows. 


"Ех. 6. Show that 


9 tan! $ttan = іт > i$. 
Since, 2 fan 3g tan? Сү [ See 22, 41 
D 
2 апт! 2 = ап * i T tan үу. 
== 52 
5 
= + T 
left side = tan^* 5 + tan ^ 1—tan^* is d- tan ^ 39. 


+ Ex. 7. Solve 


T nA 296 У, 
sin 1 i2. rein & Tee =9tan 12.  [O. О. 1947 


Since, віп 1 з =2 tan “т. [See Ет. 3 ] 


А 


left side = 2 бап а +2 tan 7. 


the equation reduces to 
2 tan ес д tan ^а 2 бап "В. 


- A I -10tb А +6 
`. tan ^z—ían "а tan *b= tan eed $5 ped ab 
Ех. 8. Solve E - 

-iz-1 1+1 т, 
tan meg Ue CENT 71 
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c за ниска! 
+ = 
Left side —tan^ Е mm —4 
1 - 


2-4 
the equation reduces to 


1 
ш =], or, s= = 
Examples XII 
Prove (Ez. 1 to 17) that :— 
1. (i) веат“ $ +tan™t 4=1 


ДА =. "D _1 31-28 
(ii) tan7'z + tan * ya gio tan + поні 
(іі) tan^* $+ tan-2 $+ tan^? сорт 3, 
2. tan72 fr toot! 5t = tan-1 4, 
8. 


ткаат“ 2+ tan? 3—4 


= Wtan-* 1-Ftan^* 3--tan-! 4), * 
4. (i) ап Та соб (2+1) tan 


2 
(z* + ¢ +1), 
(ii) во L + З 
ptq tan 


ба су = tan? 1 E 

р°+ра+1 р 
tan 'а-бап'ісеіарої 4-9 -і В 
а ап “c= tan Тар an 
б. tan $+sin-1 3 au 


$ = tan`! 
7. бап $ +tan™ $- tant rttan t t=45, [0.0 1942] 
8. 2tan ^ $ ttan! 3-14, 


(0.9. 19871 
9. (i) sin (2 вто Та) = да /1—72 


(ii) {сов (віп те) = {sin (cos *2)12, 
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10. cos 'z—2sin * NE =9 cos 2 NES 


Е 7 
11. tan 'A/r— 2908 Tz ГО. U. 1943] 


12. emin booi N/E E = tan tA / 222. 
a-b СРО асо 


і 13. tan^! s 5+ јаде“ m тү тс 
—tan * Ed + tan? рлы + tan * Pe 
14. soc? (tan^* 9) + cosec? (соб! 3) = 15.. 
15. cot * (tan 92) + cot ^ (— tan 3z) тя. 
16. віп 3 #+вїп 2 ту вій * 58 = іл. [ C. 0. 1941] 
ГО, U. 1939) 


17. 4 (соб 1 3 + cosec 1 J/5) 7. ' 
18. Iftan 'z--tan !y--tan 2 = л, show that 
atyt+z=ayz.- 


19. Iftan то +tan іу + tan” 'z = 4л, show that 


yztzrztcry-—1."* 
20. Ifcos 12 + сов у + oos "z= m, show that 
Фа +y? жа? + 90у2=1. * 
| 21. Ifsin є віп *y+sin ‘z=, show that 
c JIa y у MET? m даја. 


22. Find the values of 
(i) sin (біп 1 3 cos * 2). [ C. U. 1935] 
(ii) tan (бап "а cot: *a). 
ЕТІ ae 211-02 
s (iii) бап (з sin * To + $ соз Uer 2. 


[ (i) sin (sin-* }+cos-* 4) 2 sin (80° + 60*) = sin 90^ — 1. 
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Otherwise : sin? }+cos-* = т [ by Art. 125 (1 
47. given exp. = зщ 17—1, 


(ii) tan-'a-Feoi-'a-3z. [ by Art. 195 (ii) ] 


«7. given exp. —tan го оо, 


Art. 12:8, $ sin-* 22, ар-ар; and $ соӊ, 1 И 
(ili) From Ex. 4, У rt, 1938, 4 sin дз tan 2; ап ity? 
= (апт, .'. given exp.=tan (tan-'z+tan-1y) 
= ана | 
tan (tan перу ЛЕТ 


23. If tan-!y-—4 tants, find y as an algebraic function of 2. 


24. It tanis, tan-'y, tan^!z are in A.P., find out the 
algebraic relation between т, V, 2. If in addition, т, у, 2 are 
also in А, Р., prove that т-у-2 [y x 0,1or-1 ] 

[From the given condition, 
шы YZE (му 2—9 


2 НЕ) 
ДЕГ Іш C the given relation is Lay 14s which 


tan^'y—tan^'z-tan-!z— tan“ iy. 


2 ate 1 
easily reduces to eir. If z, y, z are also in A.P, g-zoz-y. 
SS lczyg-ld gs "^ ху=у2, de, 7—2; again since, PULIES 
4 Зуєва. .. 2-9. Hence, r=y=z, ] 


25. Solve the following equations : 
(i) tan-?(z- 1) + tan" *(¢@-1)=tan? 8 


ті. 
(ii) волі m —sin^* 1 т - cos * ub. d 
(iii) tan (cos712) = sin (tan-* 9). 
(iv) tan`? Ir. 5 tan 12, 
105) ті 2-1. -1 23 
(v) tan То 2m4 бап 36° 


(vi) віп "Ід + sin"? 97 = 2 er, 
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(vii) від За - sin^* (1-2) = сов іа.” 
(viii) &an7* (z - 1) + tan" "c tan" (z - 1) = бар ^^ Әс. 


1-z*. я, 


і -і де. x = 
(ix) бап yz + cot az 3 
(х) соб (2-1) + cot” * (a — 9) + соб" (#—3)=0. 


26. Show that 


A aci uo -a yz+ liem 
(i) со 27 1 соь 2 ЕТ сога 
2-0 y-z 2-2 


0.. 


(ii) tan (бап іш бап y + tan” %) 


= cot (сов * + сор y + cob 22). 


(iii) tan™* (cot 2) +cot~* (tan а) сл — 9х. * 


авіа і 2-7) 214-2 2 4-0 
[ (i) Left side tan TEE E pg an Tra 


= (tan7!z —tan-!g)--(tan7!g—tan-*z)-Ftan^'z-tan-'z)-0. 00 
(ii) tan7!z-Fcot7'e- ir. [ See Art. 125 (ii). 1 ” 9» 


2. tan-'g-dz—coi^'c. 


2. П.В. = аа {вт — (соб оз соб y+ соёт та) 


= соб (604-12 + соё "у + соёт "2). | 4 
EN | V 
(iii) D. S.— апт: (tan (37—2)) сок" {cot (та) Pa S 
-іл-а-іт-ш-т-22.1 NN o d 
“е, * 
Хо °F ом 
ANSWERS ча 
T 4x(1—2? 
2.01 Фо Е а y= ee). 
24. (z— y (14-02) «(у - 21-9). 25.0) dor, -8. (ii) 4-5. 
(ii) Gv) tty (honk LS 
6+ 
биос (и) 0,55. (3) = 45. G) ша, 


CHAPTER ХПІ 
PROPERTIES ОЕ TRIANGLES 


13'1. In a triangle АВО, there are six parts, the three sides 
and the three angles. It is usual to denote the angles of the 
triangle by 4, В, C, and the corresponding opposite sides by 
a,b,c. The six parts are not independent of one another. The 
various relations existing among them are deduced in the 
following articles. 


. 182. In any triangle, prove that 


качы ур. _. ло... 
вїп А sinB sinC 


А А A 


b 


B а DCG B ИА (618 35) & (е) 
Fig. (i) Fig. (ii) Fig. (iii) 
E Let ABO be any triangle. From А draw АД perpendicular to 
BC or BC produced if necessary [ Fig. (ii) ). 


[In Fig. (i), O is an acute angle, in Fig. (ii), C is an obtuse 
angle, in Fig. (iii), C is a right angle. ] 


From ЛАВР, AD — AB sin mZ ABD —c sin B. 

From AACD, AD = AC sin mZ ACD =b sin О | Fig. (i)] 
or,  -bsin(a-O) (Fig. (ii) ] 
іш, =b sin C. 


b с 


b sin C=c sin В, de = на 
sinB sinC 
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Similarly, by drawing & perpendicular from В upon CA, we 
h ТОН, 
ave sin А sin C 


In Fig. (iii), О is а right angle ; 


sin A= ©; sin B= к вїп С=1. 
с с 


а b c 


==. 


c 
зв А sinB sin C 
Hence, in all cases, 


а= Oe кро 5 - 
sin А sin В sin С (1) 


г. Thus, in any triangle, the sides are proportional to the sines of 
the opposite angles. 
An alternative method of Proof: ^ 


Let О be the centre and В be the radius of the circle cireum- 
scribing the triangle ABC. 5 
Join BO and produce it бо meet the circumference іп D. Join 
QD. The Z BCD is the a right angle. 
t BC 
From ДВОР, sin mZ ВРО- 857 NS 


But mZ BDC = ZA, being in the same segment. 


ag іп 4. or, = =2R: 
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Similarly, by joining AO and prcducing it to meet the circum- 
ference in E, and joining CE, BE, it can be shown that 


DS = 
БЕГ Sk үа Qu 
. а кик b Co 2 d 
“ sin A enb smc е 9) 


Note 1. If angle А be obtuse, А апа D fall on opposite sides of ВО and 
ABCD being cyclic, sin mZ ВРО = вір (180? — 4) - sin А, and the same result 
follows. In case А is a right angle, evidently 2R=a=a/sin А and we get the 
same result, 


Note 2. It follows from the relation (2) that 


a=2R sin А, b-2R sin B, c-9R sin С; 


0: 05 E 
sin 4= әт sin В= т» sin С ар 


У 1878. In any triangle, to prove that 


2 
а? =)? + c? - 2be cos А, or, cos Пад, 

2bc 
b? = c? +a? - 2ca cos B, or, cos B= а". 

2са 
c? = a?-- b? – 2а cos C, ог, cos gat tb оз 

2ab 

Take the figures of Art. 139. 


First, le& C be an acute angle [ Fig. (i)]; then from 
Geometry, 


АВ* = ВО? Q4? - opo. CD. 
Now, from AACD, Ср = 40 cos C— b cos C, 


c^ =a" +? — dab cos C. 


Next, le& бре angle С be an obtuse angle [ Fig. (ii) ] ; then 
from Geometry, 


АВ? = ВО" - C4? + 2BG, Cp, 
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Now, from AACD, OD — АО cos mZ ACD 
=b cos (x— О) = — cos C. 
2. 092g? b? — дар cos C. 
Lastly, let C be a right angle [ Fig. (#)]; then from 
Geometry, 
АВ? = BC? + ОД", 
ќе, c? =a" +b? = a? +b? — 946 cos C. 
[eos C=cos 90°=0. 1 
Hence, for all values ої C, we have 
c? — a? + b? — 9ab cos C. 
{ a? +02 —с* 
PS cos C— СЕАТ > 
Similarly, the other two relations can be established. 
Obs. This theorem expresses the cosines of the angles of a triangle in 
terms of the sides, 
13°4, In any triangle, to prove that 
a=b сов С+с cos B. 
ъ= с сов А-а cos C. 
c=a cos B+b cos А. 
Take the figures of Art. 18 2. 
In Fig (i), where C is an acute angle, 
BC=BD+CD 
— AB cos mZ ABD + AC cos mZ ACD. 
a=c cos В +0 cos C. 
In Fig. (ii), where 0 is an obtuse angle, 
B0-BD-O0D 
= AB cos mZ ABD - АО cos mZ ACD 
-с cos В — b cos (180%- 0) 
-с cos B+b cos C. 
То Fig. (iii), where C is & right angle, ^ 
BO = АВ cos В. 


H. 5. Tr.—11 
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162 
` сов C=cos 90°=0. 1 


-. а-ссов В-с соз В+Ь соз С. (7. 
Thus, in all cases, 
a=b cos Ct c cos B. 


Similarly, the other two relations can be established. 


13°5. From Art, 13°3 and note of Art. 13°2, it follows that 


a 
tan A= 510 A_ 2R жайсыз 72125; 
cosd Dto- R ротой 
2bc 
E 14 1 
Similarly, tan В= ЕЕ ; 


abc 1 
ЕТ 
/13:6. Trigonometrical ratios of half angles of a triangle 


in terms of the sides. 


2 
We have, 2 sin? 4 =1- сов 421-9 to а? 
2 9bc 
= 2bo =b* = 6? +a" аз - (p ор оз) 


250 9bc 
=U =(b=0)? _(a-b + cab c) 
9bc Qbe і 


Let s denote the semi-perimeter of the triangle ; 
then 2s-—a-4b-4 c. 

Now, a-b*ccatbto-95-95 95 — 9(5— p), 
atb- cca b c—9o—95— 96— 9(, — c). 


А 2 (s— b) .2(s— c) 


Hence, 2 sin? 
WS is 2bc 


$.e., 


e 

B 

ю 
ыы м/м кој 

І 


в. 
B 
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The positive value of the square root must be taken ; for А, 
being an angle of а triangle, is less than 180°; and hence, 
ЗА < 90° and consequently, sin $4 must always be positive. 


Again, 2 cos? 4 -1--сов А 


b*-c*—a? 9bctb*- c? —a? 


m. Qbe 9bc 
_ 6+0) а? _(b+c+a\b+o-a) 
9bc 9bc 
Now, b+c-a=a+b+c-2a=2s—2a=2(s—a). 
2 сов? 4 "and a) 9), 58. вов? 2 asa), 


. А _ /s(s=a), 
45 rosg / bc 


Here also the positive value of the square root must be taken ; 
for $A being less than 90°, cos $4 is always positive. 


ЛЕР, БАҒЫ А А 
Again, бап о “зш 5 1008 5 


(s= Же 2. 


з (8- 
Similarly, the trigonometrical ratios of В, 2 can be obtained 
in terms of the sides. 
Note. Without assuming the values of sin ЗА, cos 44, tho value of tan 44 


can be obtained by substituting the value of cos А in terms of the sides from 


є 
Art. 19/8 in the relation tan? метра and then extracting the square 


root after simplification. 
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"Thus, we have 


sin? а -„/е-в-о vu -9 


sin È eaa 9 
= С _ /(в-а)(в-ь) 
Bin 2 ab 


CS d - (9) 
са 


T .. (8 
s(s = b) % 
137. Sine of an angle of a triangle in terms of the sides. 
sin 4 —2 sin 4 сов 4 
A 3— bXs— c), s(s—a). 8`6 1 
в/о) NET [ Art. 1 
. 1 2 TAs) A 
^ sin A= pc V s(5— a)(s-- b)(s c). 


ече, sin B= = са “8(8-а)6-Ь)-с). 


вїп c-2 p Vs(s—a)is = —b)(s — с). 
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~s (з- аДз- Р/з- с), being the expression for the area of the 
triangle [ See Art. 23'8 ], is usually denoted by the Greek letter 
A. Hence, the above formuls may be written as 


24, 224, -22. 
sin А be sin B ва вїп С 


“8:8. Area of а triangle. 


B D с 


Let ABO be a triangle and let A denote its area, Draw AD 
perpendicular to ВО; then from AACD, 
AD = АО sin С єр sin C. 
Now, Л =+В0. Ар -iab віп C. 
Similarly by drawing perpendiculars from В and С to the 
opposite sides, 16 can be shown that 
А = рс sin А = $са sin В. 
Otherwise, А = łab sin C 
=tea sin В [^ b sin О=свір B] 
—ibcsin А |. a sin B=b sin 4 | 
Thus, Л = с sin А = іса sin Ве jab sin С e б) 
= Mproduct of two sides) x (sine of included angle). 


Again, A = 200 sin A7 bc sin i cos 1 


(s— ыы (з-Б/з-с) /ss—a 


Ма et. РЕ (ii) 
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Substituting in the expression s—1 (a+b+ c), 


we get 
A=} A(a-t b c (bt c-a(c* a—bXa bc) 
7$ {2202 4-2c?a2-- 232b? — 54 ра сов) -- (iii) 
Again, 
d ES 'g]- abe, xn ft 
А = 0 sin Абре, oR [ Art. 132 ] aR (iv) 
Note. 


In some text books, S is used to denote the area of a triangle, but | 
to avoid confusion between S and s in writing, the symbol A is preferable, 
“489. In any triangle, to prove that 


tan ВО Ве A. 


2 “bres | 
We have, in any triangle, 
b вв 
с sin С 
B+C . B-Q 
b-c sinB-sinQ 2909 о sin 


т Е а Ай 2 
b+c sin В+вш С 2 sin В+ С В 


= соб Bte tan 8-0 


2 
=tan 4,1820 ТАК В+0 
tan g бап 2 | Н ot 90° | 


Taig | 
B-0 b-c 1 E 
2. fan = с 
2 te, A be 9085 
Similarly, 
C-A 
tan 


сав 4 A-B a-b СО 
2 “eta tgs tan res 


13°10. Тһе? three sets of formule in Arts, 18:9, 13:8, 19% 
have been established directly from the figures. These three sets 
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however, are not independent, for, from any one set, the other 
two sets can be deduced. 

For example, let us deduce the formule of Art. 1373 from 
those of Art. 1874, y 


Ву Art. 134, a=b cos С +с сов В 

b=c сов А +a cos 0 

ста cos B-- b сов А. 
Multiplying these in succession by a, b, and c, and subtracting 

the first result from the sum of the other two, we have, 

b? -- c? — а? = b (c-cos А +a сов 0) + с (a cos B+b cos 4) 

-а (b cos C +c cos B) є с соз А. 

b* од – а? 


сов А= ТЕ ; similarly, for cos B, cos C. 


19'11. In working out identities which involve both the 
sides and angles of a triangle, it is sometimes convenient to 
express the sides in terms of the angles, or the angles in terms of 
the sides. 

Also, it is sometimes found convenient to express the values 
of tan 4, tan 2, tan 2 in в form in which the denominator is 
constant and numerator is free from radical, Thus, multiply- 
ing the numerator and the denominator of the value of 


fan 4 by ,(5-2)5-0) and noting that 


As(s—a)is—6)'s—c)= A, we have 


tan 4 ева =0) з similarly, tan В ав = да са) ; 


бап 5 898 E b), 
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Again, multiplyirg tbe numerator and the denominator of the 


value of cot 4 Бу „/з( - а), we have 


A 's(s—a) 
cot Dp TUN 
B = b) ; cot © slo), 


Similarly, cot а = 


A 
13°12. Illustrative Examples. 
Ех. 1. Show that in any triangle, 
а (sin В- sin C)+b (sin O — sin А)+ c (sin A — sin B)- 0. 
Left side = (а sin B— b sin 4) + (b sin C — c sin В) 
+ (свт А-а sin 0) 


= .. ` CEST) 42560 
0+0+0 [ “Бу Аш. 189, sin А sin В sin gl 
=0. 


Ех. 2. Show that in any iriangle, 
а sin (В O) b sin (O— А) +c sin (А- B) - 0. 
a=2R sin A [ by Art. 122] — 9R sin (B0) U^ 4-240771 
186 term of the left side — 27. sin (В+ С) sin (B - O) 
= 2В (sin? B - sin?C). 
[ by Ez. 2, Art. 68) 
Similarly, 2nd term =2R (sin?0 — sin? А) 


8rd term =2R (sin?4 — sin? В), 


Now adding together the three terms, 


the required result 
follows. 


Ех. 3. In апу triangle, prove that 


(6-0) cot 4 + (ca) cot 2 + (a=b) cot © =0. 
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2 as given i 
9" g in 


Substituting the values of cot 4 з соб В » соб 
Art. 13°11, we have, the left side 


== 0.8090 (0-а). #87 s(s — б) й а 5. ORO д 


- de р 


s 
05% 


Ех. 4, If the cosines оў two of the angles of а iriangle are 
inversely proportional to the opposite sides, show that the triangle 
is either isosceles or right-angled. 


We have, by the question, 


cos A b віп B, т 
cos B a sin A Ende че 


sin А сов A=sin В cos В, or, sin 24 віп 2B, 
or, sin ЗА - віп 28-0, 
or, 2cos (А+ B) sin (А- В)-0. 
*. either cos (44- B) -0, i.e, (A+ B)= 90°, 
i.e. the triangle is right-angled ; 
or, віп (4- В)-0, ѓе, A- В-0, i.e. А-В, 
ќе. the triangle is isosceles. 


Ex. 5. Jf the sides of a triangle are in A.P., show that 


A BIO. Д 
cot о! сої 5 cot о are also in A. P. 


cob 4 " cob 2 П о 9 are in A. P., 


А с В, 
if cob 2 — cot 27999 = 006 9 
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it 36-5) s5—a) 55-0) 4з-М, 


2.6., A 
$e. if (5—0-(s-a)-(s-c)- (s - 5), 
бе, df a-b-b-c, 


$e, И a,b, сме т АР. 


Ex.6. Show that 

b? sin 90 c? sin 9В-4д. 

_ Left side —5?.9 sin С cos C4- c?,9 віп В cos В 
—9b sin C.b cos 0--2с sin B.c cos B 
= 20 sin О (b cos O-- c cos B) 
" А [^ c sin В=Ь sin 0] 
= 246 sin 0 [by Art, 18:41 
=4.3а6 sin Q= 4A. Гу Art. 188] 


Examples XIII (A) 
In any triangle, prove that (Ez, 1 to 21) :— 


x1. sin 20р н. 
B-0 b+ 
2 UL CURE 
3. тока (а еу RP UNE 
a+b, A+B А-В 
4. аъ tan ==» 


“5. a? b? +02 =9(Бо cos А+ ca cos В+аЬ сов C). 


° 6. (5%с-а) бап А ана) fan З =(a+b-c) tan 0. 
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авіп(В-0) | b sin (0- А) _c sin (4 — B) 
Ба сот CREE а? — b? 


8. a? (sin? B —sin*O) +b? (sin*O — sin? A) ' 
Ң +ç? (sin* A— sin?B)-— 0. 
+9. а" (cos?B — cos*O)-- b? (cos? C — cos? A) 
чо? (cos? А — cos? B) - 0. 


а? sin (В- O) „b? sin (0- 4), с? sin (А-В) _ 


10. sin B-sin C  sinO-sin А sin Á+sin B 
11. asin 4 sin вись віп В ain 0-4 
+o sin © sin 4-8. 0. 


а. „Зз aig 8 ра 
12. 5-4 sin 244-2 "m sin 2B 42 ES sin 20 —0. 


13. a? sin (В- C) b? sin (0- 4) ое" sin (4- B)- 0. 
14. a? cos (B - O) * b? cos (0 - 4) + c° cos (А — В) = Зас. 


a? sin (В- о, b? sin (0-4), c? sin (А-В) _ 
sin А sin B sin C 


*10. (59 – с?) cot A -- (c? — а?) cot В+ (a? - b?) соб 0-0. 


b?-c? T c? – а? а? -b* =0 
cos В+ сов О соз С + сов A + сов A+ cos В 


18. (з- а) 4 = (5-2) tan З SG oat 


2° 
= 
а 2 c 2 


+ са cos? 


+ 20. bc cos ЗЕН + аЬ cos ди, 


ы ю!ь 


9 
pA 
В, 1 а0 8 
g * °%® в 
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В-0 
122. If A be 60°, show that b+c=2a cos ЕСТЕН 


23. Show that a triangle having its sides equal to 3, 5, 7 is an 
obfuse-angled triangle and determine the obtuse angle. 


„24. Given (a+b+ c)\b+c-a)= 3bc, find A. 


25. If c*-— (а? - b?)c? +04 + дзь +54 =0, prove that 
0 — 60*, or, 120°, 
*26. Ita*-b*-Fc* — 90° (a? +), prove that 
C —45^, or, 135°. 


27. The sides of a triangle are 9r--3, z?--3r--8, z? 9m; 
show that the greatest angle is 190°. 


1 ПЕ PRG] 3 cu 
128. етерот рот aF РЕ show that О=60°. 


„29. Ifa=2b and А=ЗВ, find the angles of the triangle. 


| 30. If the cosines of two of the angles of a triangle are pro- 
portional to the opposite sides, show that the triangle is isosceles. 


cos A_ а віп 4 о 215 Az 
E DIET бю sin А cos B=sin B cos A, 


or, sin A cos B—cos А sin B=0, + sin(4—B)=0, 


4 4-В-0. “. А-В.1 


81. If cos A= алп Б, show that the triangle is isosceles. 


- 82. If (а? +b?) sin (4 - B)- (a3 — з 


) sin (А+В), prove that 
the triangle is either isosceles or right- 


angled. 
33. ТЕ (cos А +2 cos О): (cos А+9 сов B) = sin В: sin 0, 
prove that the triangle is either isosceles or right-angled. 


484. If a?, b?, c? be in A.P., prove that соб A, cot В, соб С are 
also in А.Р. 
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*35. If a сов“ 2 + с cos? i =>, show that the sides of the 
triangle ате in А.Р. 

[ Since, да соз? С + 2c сов?4 4 — 3b, 

«є -а(1--сов С) --с(1--сов 4)=35. .. а+с+(а сов Ос cos 4) = 8b. 

4. а+с+Ь=8Ь. 4. а+с=9Ь. г. а, b, c aro in А.Р.) 

36. If sin А: sin C=sin (A-B) : sin (В- 0), show that a^, 
5“, c? are in A.P. 

[ Here sin А sin (B-C)-sin С віп (4—B), ог, sin (В+0) sin (В-0) 
=sin (4+ В) sin А-В). (*.* А+В+С=т). ‚'. віп B—sin*O—sin* A—sin*B 
(See Ez. 2($), $ 68). г. Multiplying by 4R?, and using $ 13'2 (9), b° -с? 
=а?%—%. .'. а?, b’, c? are in А.Р.) 

37. Ita, b, c are in A.P., show that 
cos A cot $A, cos В cot $B, cos С cot $C are in A.P. 
[соз A cot 34 =(L—2 sin? 44) cot 34— cot 34—sin A. ] 
38. Assuming A=4be sin A and using the value of cos A in 
terms of sides, show that 


A= Als(s— а)(5— bs c). 


b+c? –а? å Сре ето 

[cos Анте“ г. sin A= „/1—соз°А 
= AK(2bc)* = (b? -- c* —a*)* _ АД c)? — a*Ha* —(b -с)зу 

2be 2bc 

_ СМФ®+о+а}(ф+в=а)(а —5-- Ja 0— c) 
20с 

.2(s—a) . =). 9(8-- ЕЕ 
аа) 80.080), E аја До 


.. Aceto. ] 
39. Find the area of the triangle whose sides are 
Ma StS ES ag Th, 
Tw EO ye є 
40. Ina triangle, if a=13, b= 14, c — 15, find its area. 
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Prove that in any triangle : 
а = sin A sin B_ | 
а say А | 
«42. АЛ (cot А+ соб В+ соб C)- a? +b? + c?, : | 
+43, а сов А+ соз В +с cos О=4Ё sin А sin В sin C. 


«44. asin B sin O- b sin C sin A- c sin А sin веде. 


«45. (a sin А+Ьвїп В *c sin C)? 
= (a* +b" + c*)(sin* A +sin2B+ sin?C). 
соз В cos О | cos С cos A | сов 4 cos В 1 


. 46. 


bc са ab CARS 
[ Use $ cot В cot C=1 ред, 2, Bx, X. ] 
2. 2 3.2 2. 2 
47. е cog Ач є cos В+“ cos C — 0. 
с 


a a 2с 


1 
= дарс ЧО — 5) (62+ - a) 
1 
= забо 1(5*—c*) –аз(ьз —с*}}. 
Similarly, 2nd term = 1. Че“ —a*)— b?(c?—a?)}. 
8rd term e 57 Ман) оа зу, 
Now, adding, the teqd. result follows, ] 


48. онаа вв В сов, е 


а с b са c ab 
'49. £A =a? cot 4 +b? cot B+c? cot С. 
50. + АВ д 
` \sin 4 sin В" sin 0) біп 5 sin g Sin з-д. 
ANSWERS 
28. 120°, %. 4-80. 29, 4.90» B=30°, C60". 


39. у ун: 40. 84. 
ЕЈ т y 
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13:13. Circum-radius of a triangle. 
From Art. 189, we have 


waa b Cw ... d 
вїп А sinB sinC die @ 


ла ... abe арс 5 (6) 
2sin A 2besinA 4A B 
71314. In-radius of a triangle. 

Let I be the centre and r 
the radius of the circle inscribed in 
the triangle ABC ; let D, E, F be ғ 


А 
the points of contact of the in- KAN 
circle with the sides ВО, CA, AB (ы 


Hence,” В 


respectively. 
Then, ID-IE-IF-r. 
Join ТА, IB, IC. 
ХАВО = ЛІВО + AICA + AIAB 
= ВОІ -i0A4.1E - 3AB.IF 
= Зат t br + ter 
-іғ(а-Ь-с)-тз. 
Thus, A=rs. 
- г= 2, КС) 


в р 


Again, a=BC=BD+DC 
=r cot В +7 cot $0, from A* IBD, ТОР, 
ES ЪВ , cos ie] 
sin ЭВ sin 20. 
[ss 3B sin $C * sin $B cos 321 
7 sin $B sin $C 
sin (ЕВ * 30) costd — 
"sin àBsin3O "sin $B sin 40 
[^ §44+4B+40=90°, 


175 


sin (}B+4C) =вір (90°—44)=cos 34. 1 
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r=a sin $B sin $0 sec ХА =a ginséBisindO; 


cos $4 
Since, by Art. 13°13 (i), a — 9E sin A—4R sin ЗА cos 34. 
7. r=4R sin ЈА sin 3B sin 26. - (ii) 


Since, from the figure, АР- АЕ, BD=BF, CD=CE and 
since the sum of these six quantities is equal to the perimeter, 
АР+ BD + 01 = веті-регітеќёег =s, 
ae,  АР+ ВО, ог, АР+а= 5, 
“АЕ-з-а-АЕ. 
Similarly, BF=s—b=BD ; CH=s—c=CD. 
From ДАТЕ, IF=AF tan mZ ТАЕ. 


e r=(s—a) tan ЗА. 
Similarly, r=(s—b) tan 1B, + (iti) 
and r=(s—c) tan 26. 


Note. Distances of the in-centre from the vertices, 


From ДАТИ, ТА=ТИ совес ти ТАР, 4. IA=r совес 1А. 


Similarly, ІВ-т cosec ІВ and ІС-т совес 1С. 


E Ex-radii of a triangle. 


Let I, be the centre and r, the 
radius of the escribed circle (opposite 60 
the angle 4) of the AABO; let D, E, F 
be the points of contaot of the circle 


With the sides BO, and АС and AB 
produced. 


Let та, уз denote the radii of the 
escribed circles opposite to the angles 
B and C respectively. 
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Now, I,D-ILE-I,F-r;; join АҺ, Bh, On. 
ДАВС= AT, АВ+ AI, AC— АГ. ВС 
=44B.4F+440.1,H - 4ВО.Г. 0 
=ter, + bri — iari 
=4r, (Б+с-а)=%т: (bt cta- да) 
= $r, (92s- да) 
=r; (s—a). 


Thus, ^=r (s-a). 


Similarly, rae p [ cU (i) 
and Тз= 525% 
- Again, a=BC=BD+CD 
=r, cob mZ I4BD ri cot mZ 1.0), 
from A‘ Г. ВО, LOD 
=r; cot (90? — #В)+ту cot (90° — $0), 
because, Z. 1,80 = 3(180" — B) = 90° — 4B, 
and Z1,0D-3(80'— 0)=90°-$0, 
а= (tan 3B-- tan $C) 


sin 3B , sin 3C 
TH ШЕ В соз 80 ad 


& ЕБ 1B cos 40 +sin $0 cos 38] 
Е cos 3B cos 50 


sin (3B +20) 
71 соз ЕВ cos $C 


соз $А _ 
+ Gos $B cos $0 


ту =@ cos $B cos 30 вес 14. 


' as in Art. B. 14. 


н. S, Tr,.—12 
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Putting a—2E sin A—4R sin ФА cos $4, 
г1 = 4В sin ЗА cos 4B cos aC. 
Similarly, T2—4R соз 2А sin 2B cos 2C, e (ii) 
and ra=4R cos ЗА cos 3B sin 2С. 
Again, AE=AC+0EH=b+0D Іо QOE-0D] 


and AF=AB+BF=c+BD Го BF=BD] 
But AE = AF ; therefore, by addition, we get 
2AE=b+c+BD+0D=b+c+ а= 9s. 
AH=s, 
Again, from ЛАТ, Е, Т.Е = AE tan т/ ПАК. 
ve rı =s tan ЗА. 

Similarly, r2=s tan 4B, бы». -- (iii) 

апа та=в tan 1C. 


Note. Distances ој Ex-centres from the vertices, 


From ДАТ, Р, І, А=І, Е coseo т/ Т, АР. 


є. l, А=г, совес ЗА 
=4R cos 3B cos 1С. [ by formula (91 
From ABI,F, I, B=1,F созес I, ВЕ, 


1,B=r, вес ЗВ |“ mZ I,BF-90*—35] 
1,C=r, sec iC. 
In the same way, 1, 


Similarly, 


B=r, cosec 1B, I3C—r; cosec 1С. 


Ex.1. Prove that dg 1, os 
Ti Tg 7а т 
By formula (i), Art. 1315, 
: зга 8-5 s-o 
=— 42°79, 8c 
left side A ^ д 
„(атак Ва а. 
А ХЫ «ДЕ 
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Ex. 2. Prove that 4 cos ЗА cos ЗВ cos 30-5. 
MART 5а), /55- 5) /s(s=c) 
Left side = 4. wi РЕ М cd ab 


= Ж А/5(5-а/8- 5)5-с) 


4 
AN =s. 4A =® by formula (ii), Art, 13°18. 


Ех. 8. Show that 


bc—rars, бас rari або тата 


71 To 78 
2 


Тата = (5 bs — c) = s(s — a). 
bc — rars = (ро — 95(95 — да)) 
= 1[4bc — (a +b + c)(b +c- a)] 
=}[4bc+.a* — (b + c)*] = Ка? - (b с)°] 
са +b- c(a -b + c)] є (s — b)(s с). 
Бо тата, (s— В(з- с) (з- alsz b)(s— с) 


Ті 71 


===, 


5 
Similarly, the other ratios are equal to the ваше quantity. 


Ex.4. Prove that in any triangle, 
Ті%7а%та-т-4В. 


Left side= £ + 2) + ре = 4) 
од 2s—(a+b) с 
= Аа} А560) 


"EM Шри эы ruo. 
[а-я а] [ 2s=a+b+c.] 


г де] s(s — a)(s - b)(s — с) 
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Now, Numerator = 95" - s(a - b - c) - ab 
= 95? — 5.95 ab — ab, 
Denominator = ДЕ“. 


(БЕ се ае -4R. 


Ex. 5. If rı=ra+rs+r, prove that the triangle is 
right-angled. ` 


From the giyen relation, we have 


кы Eha, 


50 В ВЕНЕ, 

Aa _AQ@s-b=0)_ Aa t 
s(s—a) (s=b)(s—c) (s— b)(s— c) 
5(в — a) = (s — bs — с). 


244 (57 Ds — c) p 
tan*44 БЕЗГЕ tan 34-1. 


34-45. 7. 42907, 


Note. Although we 


get tin 14— +1, wo reject the negative valus because 
34 is an acute angle, 


Examples XIII(B) 
Prove that in any triangle (Ez. 1 to 14) :— 


1. sin А+вїп B--sin ФЕ 


2. cos A+cos В+ cog А 


[ Use cos А+ сов В+ соз C=1+4 sin А sin 4B sin 40.1 
3. bc c-a a-b 
Ті Та Ts 


=0. 
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4. тата -TaTi t TiTa — $7. 
5. те В(сов 4 + cos В+ cos C — 1). 


6. ті = (сов В+ cos С — cos A+ 1). 
[ Use cos B+cos C—cos A=—1+4 sin $4 cos АВ cos C. ] 


v7. а cos B сов С+Ь cos О cos: А “с cos A cos в-2. 


8. a cot А+Ь cot В+с cot 0-9 (R +r). 


E cot dics A` s A=2R соз А. Then use Ez. 9. ] 


9. Re (ба%та)ға rri n9), 
4 Tals Tarı 57178 


10. A= Jrrirars =r" cot $A cot 3B cot 4 C. 


E 
HANA Ts Br а bd c)? 
[ А. Т. 1988] 
ds pone Het cet 
Т Ti Ta 7з T Ma 7а T8 


18. 7207. +7.) coseo A=ralra + r1) соғво В 


— rs(rs +72) совес C. 


14, 20408490 Paar {2 24S G4 Gy 0 gh 
Ti Та b b 
15. Ina A а-18,ь-14, 0— 15; find r and В. 
[ Here, s23(18--14--15) 221; s-a=8; s—b=7 ; 3- с=6. 
A= N21,8.7.6=7.3.4= 84. 
p=% 181415, 5. A 84 -:] 


4^ 4.84 ШТ 
- 16. Ifa, b,c are in A.P., show that 71, 7, 7з are in Н.Р. 
Art wale al 3 
[715 Та) 75 are in H.P., if суб dicic are in A.P., 
А То ud со). s—e E 
ies df ear беа gie ты ы. 
4e, if2s-2b—-s-ats—o ie, if 9b =а-с, which is true, since а, b, e, 
46% 


are in AP.) 
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17. Ifin a triangle, ЗВ —4r, show that 
4(cos А + cos В+ cos 0)-7. 
18. If the diameter of an ex-circle be equal to the perimeter 
of the triangle, show that the triangle is right-angled. | 
[ Use т=з tan 24.1 


19. If (-5)(-5)-s, show that the triangle must be 
2 8 
right-angled. 


+20. If 8R'—a^-k5?-6?. show that the triangle is right- 
angled. 


21. It S be the area of the in-circle and бу, Sa, Se the areas 
of the escribed circles, then 


1 1 1 1 
Е фр. 
М8 №8: JS. Ја, 
22. In any triangle, prove that the area of the in-circle is 50 
the area of the triangle as x: cot 14 сор +B cot 3C. 


23. Itp, ps, ps are the Perpendiculars from the angular 
Points of a tringle to the Opposite sides, show that 
зл АШ ії, т +1, 
Pi Фа Ps rı Та Ts 
24. If 2, 4,2 be the lengths of the Perpendiculars from Er 
circum-centre on the sides BC, CA, AB of the triangle ABC: 
Prove that | 
Os, Win Oo ДД 
2% у 2 Я4туҙ . | 
25. If 2, У, 2 are respectively equal to ТА, ТВ, IO, and а, 8, 7 
are respectively equa] to 114, І.В, 150, show that 
i zum ; sy oT y 2 = 
erue СЕЕ 
"UNDC b а 
(iii) att git a1. бу) az? + Бу? са? =abe. 
[ Use Notes of Arts, 18'14 and 1815. ] 


Е ANSWERS 
15. т=4, В=8. 


OHAPTER XIV 
GRAPHS OF TRIGONOMETRICAL FUNCTIONS 


141. Changes in the Trigonometrical ratios of an angle 


as the angle increases from 0^ to 360°. 


Suppose an angle traced out by а revolving line starting from 
OX, changes gradually from 0° to 360°. 


Take a circle with centre O of any radius. It is clear that in 
determining the trigonometrical ratios of an angle XOP in its 
different positions, we can keep the hypotenuse OP, always the 
game, equal to the radius of the circle. 


(i) Changes in sine. 

When the angle М. ОР: (- 8 say) is zero, its sine is zero. As 
the angle increases from 0? to 90°, the hypotenuse OP; remain- 
ing the same, the opposite side PiNi is positive and gradually 


increases, 88 18 evident by comparing the tridngles М.ОР; and 


N30Ps. 
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рама gradually increases, until when 0=90°, 
ОР: 


Hence, sin 0 = 


Р.№ and ОР» both coincide with OY and sin 0 attains its 
greatest value 1, 


As 6 still further increases, from 90° to 180°, the hypotenuse 
OP, retains the same value, but Р.М remaining positive, now 
gradually diminishes from OY to zero, and so sin 0 diminishes 
from 1 to 0. In the third quadrant, as 0 increases from 180° 
to 270°, РАМ. is negative and numerically increases from zero to 
OY’, the hypotenuse remaining always positive and unaltered ; 
sin 0 is therefore negative and nume 


tically increases from 0 to 1; 
in other words, 


it diminishes gradually from 0 to—1. In the 
fourth quadrant, as 0 increases from 270° to 360°, Р, М, remain- 
ing negative numerically diminishes from OY’ to 0, and sin 9 
therefore remaining negative numerically diminishes from 1 to 0; 


in other words, it increases from 71 to 0. The results are 
therefore аз follows ; 


' 


In the first quadrant, as 0 increases from 0° to 90°, 


віп 0 increases from 0 to 1. 
8 0 increases from 90° to 180°, 
sin 0 diminishes from 1 to 0. 

9 increases from 180° to 270°, 
sin 0 diminishes from 0 to —1. 
ав 0 increases from 270° to 360°, 

sin 0 increases from —1 to 0. 


In the second quadrant, a, 
In the third quadrant, ав 


In the fourth quadrant, 


(ii) Changes in Cosine, 


In the second quadrant 


5 
+ 88 6 goes on increasing from 90° бо 
180°, ON; increases numeri 


cally from 0 to OX’ but is negative: 
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In the third quadrant, ON, remains negative, but diminishes 
numerically from ОХ’ to 0. In the fourth quadrant, ON; is 
positive and increases from 0 to OX again. 

The hypotenuse remains always positive and is equal to OX 
or OX’ in magnitude. 

We thus come to the conclusions : 


As 0 increases from 0° to 90°, 

cos 0 diminishes from 1 to 0. 
As 0 increases from 90° to 180°, 

сов 0 diminishes from 0 to —1. 
As 0 increases from 180° to 270° 

cos 0 increases from —1 to 0. 


As 0 increases from 270° to 360°, 
cos 0 increases from 0 to 1. 


(iii) Changes in tangent. 
‚ As 0 goes on increasing from 0° to 90° in the first quadrant, 


Р.М, increases from 0 to OY and simultaneously ON; decreases 


from ОХ to 0, both remaining positive; hence, tan aste 


OY 
increases from the value 2- =0 to o = 


In the second quadrant, Ра Мз diminishes from OY to 0 while 
ONs, becoming negative, numerically increases from 0 to ox’, 


Hence, бап 0 = Pus is negative but numerically diminishes from 
8 


co to 0, 2.6., increases from — © to 0. 

Immediately before 90°, tan 0 is positive and very large, 
immediately after 90°, tan 0 is negative and numerically 
In fact, here, as 0 passes through the value 90° 
he second quadrant, there is a sudden break or 


while 1 
very large. 
from the first to 6 
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discontinuity in the value of tan 0, which suddenly passes from 
a very large positive value to a very large negative value, 2.6, 
from the positive to the negative side in passing through infinity. 

In the third quadrant, both Р, 17; and ON, are negative and 
Р „1, increases numerically from 0 to OY’, while ОМ, decreases 


numerically from ОХ' бо 0. Hence, tan 0 = Ne is positive, and 
4 
increases from 0 to со, 
In the fourth quadrant, Р.М, is negative and numerically 
diminishes from OY' to 0 while ON; is positive and increases 


from 0 бо OX. Hence, tan on Pus is negative and numeri- 
5 


cally diminishes from со to 0, i.e., increases from - со to 0. 


In passing through 970°, there ig another discontinuity, tan 0 


suddenly passing from the Positive to the negative side through 
infinity. 


The results are therefore as follows : 
As 0 increases from 0° to 90°, tan 0 increases from 0 to % 
As 0 passes through 90°, tan 6 suddenly changes from 


+ ос о =й 
As 6 increases from 90° to 180°, tan 0 increases from — © to 0 


- As 0 increases from 180° to 270°, tan 6 increases from 0 to % 
As 0 passes through 270°, tan 9 suddenly changes from 

+ о to с? 
to 360°, tan 0 increases from — «eto 0. 
(iv) Changes in cotangent. 


As 0 increases from 270° 


From the changes in the value of the tangent the changes 


, 1 
in cot 0— tan 819 traced as follows : 


9 increasing from 0? to 90°, cot 9 diminishes from го to 0 


9 increasing from 90° to 180°, cot ө diminishes from 0 to — ® 
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As 0 passes through 180°, there is a sudden change in 
cot 0 from - © to + со 
9 increasing from 180° to 970°, cot 0 diminishes from + с to 0 
0 increasing from 270° to 360°, cot 0 diminishes from О to — © 
As 0 passes through 360°, cot 0 again suddenly changes 
from - © to t œ. 
(v) Changes in secant. 


For sec 0 = nS the results are as follows : 
cos 0 


From 0° to 90° for 0, sec 0 increases from 1 to го. 

Here, there is a sudden change from + œ to — ©. 
Then from 90° to 180°, вес 0 increases from - 9 to - 1. 
From 180° to 270°, sec 0 diminishes from —1 to — ©. 
Here, again there is a sudden change from — го to + 59, 


Then from 970° to 860°, sec 0 diminishes from © 101. 
{vi) Changes in cosecant. 


For cosec 0 —€—X the results are as follows : 
sin 6 


From 0° to 90°, созес 0 diminishes from © to thy 

From 90° to 180°, coseo 0 increases from lto=. 

Here, coseo 0 suddenly changes from + œ to — 99. 

Then from 180° to 270°, cosec 0 increases from — œ to — 1. 
` From 970° to 360°, cosec 6 diminishes from — 10 -®. 


0“, cosec 0 again suddenly changes 
from — œ to +œ. 


As. 0 increases by complete multiples of ат (Се, 860°) we know 
metrical ratios remain unaltered. Hence, after 360°, as 
the same series of values for tho ratios are repeated 


As 0 passes through 36 


Note. 
that all the Trigono 
9 goes Оп increasing, 
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over and over again for each complete revolution of the revolving line, The 
trigonometrical ratios are therefore all of them Periodic functions having the 
same period Зп," after each of which the same cycle of values is repeated. 


i i tios. 
The changes traced out obove, of the trigonometrical ratios, 
may be much more clearly demonstrated to the eye from a study 
of their graphs. 


14'2. Graphs of Trigonometrical Functions. 


Just like algebraic functions, trigonometrical functions 


) т 2 
(ќе. sin т, сов z, sin? дават eto.) may be conveniently 
: 9 


represented by means of graphs, 


Showing their changes with tho 
change in the values of the angles 


The method is the same as for graphs in Algebra. 


. 7) VEG B 
straight lines X'OX and У'ОУ, intersecting at right angles ато 
taken as axes of co-ordinates, Along the -axis, the angles are 


-> 
represented опа suitably chosen 8cale, positive angles along OX, 


free-hand, we get 
function. 

143. Graph of sin x or sine-graph. 

Let y=sin т. 

Using the table of natural sines, 
of 2 and y are tabulated corresponding 


* tan 0 and cot 0 have а period т, 


the Corresponding values 
to the values of œ differing 
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Sine-graph 
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by 10° (the values of y being correct up to two places of decimals) 
ав follows :— 


z -20 | в” —T0° |-60* |-50* |—40°|—30°|—90°|—10°| 0° 


ahei 


= | м 0 


= [10° 20° | 30° | 40° | 50° | 60° | 10° | 80° | 90° |100°|110° 120°| etc. 
КОЕ СЕ "64 ШЕ 1 Е 794 | *87 | eto. 
sinz 

Now, 


let the scale be so chosen that 1 small division along 


ES 
OX represents 10?, 


EX 
and 10 small divisions along OY represent 
unity.” 


The points correspondin 


on the graph-paper accordi 
free-hand. 


Е to the tabulated values are plotted 
ng to the scale chosen and joined 


The graph is ag shown 


on the previous page (drawn here 
between the range ¢ = — 180° 


to #= + 360°), 


sines of angles from 0° to 90° only 
ule sin (~6)=—sin 8, sin (180? — 0) 
pter V, however, the tabulation for 
to 90°, is effected. 

Similar is the case of tabulation for other 

Note. 2. Peculiarities ој the sine-graph, 

From the figure, the following features w 
is continuous, and wavy in form $ (li) the 
and the minimum value is —1, these value: 


sin 0 shown above, outside the range of 0° 


graphs in the following pages. 
ill be apparent :—(i) the graph 


maximum values of sin ф is +1 
S being attained for values of 2 


“According to the graph. 
graph is to be drawn, the sca 
case separately. 


-рарег supplied and the тапре within which the 
le should be suitably chosen in each individual 
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which are odd multiples of 90°; (iii) sin = is 0 at the origin and at points 
for which з is an even multiple of 90°, ie, any multiple of 180°; 
(iv) that sin (2-а)чна (5+), sin (r—z)-sinz, sin (2) = —sin ш, 
(v) since вір (27r+2)=sin д, the portion between 


sin (т+ 2) = —sin 2, etc. ; 
0 to 2т is repeated over and over again on either side. 


14'4. Graph of cos x or cosine-graph. 


Let y = соз т. 

Using &һе table of natural cosines (see Note 1 of the previous 
Article), the: corresponding values of т and y are tabulated аб 
intervals of 10° for я as follows :— 


æ |-90° |—80° |—т0° |-60% |—50° |—40° |-30* не -10% 
y or 6 : ; ` f 4 д ; 
ГО | ба || и [м | | | | № 
æ |0° |10° [20° |30° | 40° | 50° | 60° | 70° во" |o 1007 [по eto. 
Wor (1 |*98 ДЕ т ЕЕ a о |- ат| - 84 ево, 
сов 2 | 


Now, choosing the scale such that 1 small division along 
= 


ES 
OX represents 10°, and 10 small divisions along OY represent 
unity, the points corresponding to the above tabulated values 
aro plotted and joined free-hand. 


"We then get the required graph, which is shown on the 
next page (shown here between the range — to --9z of а). 


Note. It is apparent from the figure, that the cosine-graph із exactly 
the same as the sine-graph only shifted wholesale baskwards (to the left) 


through a space of 90°. 


192 
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Cosine-graph 
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= This is due to the fact that sin (90?-- т) = соз т, ог sin 2: = cos (z — 90°) so 
thatthe ordinate in the sine-graph corresponding to any value of z—the 
ordinate’ of the cosine-graph corresponding to a value of z which is 90° 
less than before. 

14'5. Graph of tan x or tangent-graph. 

Let у-бап с. 

Using the table of natural tangents, the corresponding 
values of 2 and y are tabulated at intervals of 10° of т as 
follows :— 


z ШЕП 10% a0" во“ но“ Бо eo*| 70°) 80% 90°| 100° не 3 
| 

on а p 

fan а |- 390 — 180 SE 58-84 1119 778 оро co | - 561 eto. 


= 
Now, choosing the scale such that 1 small division along OX, 


. — 
represents 10°, and 3 small divisions along OY represent uniby, 
the points corresponding to the above tabulated values are plotted 


and joined free-hand. 

The graph is as shown on the next page (shown here between 
the range — л to +2z for z). 

Note. Paculiarities of the tangent-graph, 

From the figure, the following points will be apparent : (i) That the 
curvo is not continuous, but consists of separate branches or portions, the 
points of discontinuities being the values of > corresponding to the odd 


multiples of oe (ii) Аз z passes through these points from the left to the 


right, the value of tan > suddenly changes from very large positive values 


on the left to very large negative values on the right. (iii) The lines 


parallel to y-axis corresponding to the odd multiple of З are continuously 


graph on either side, but never actually meet. Such lines 


approached by the 
(iv) Since tandnr+2)=tan 2, each 


aro called asymptotes to the curve. 


" T т 
branch is simply а repetition of the branch from — 2 to + m 


н. 8, Tr.—13 
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Tangent-graph 
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-graph 
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Cotangent 
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14'6. Graph of cot x or cotangent-graph. 


As before the values of д and y (= cot c) are tabulated, and 
with the same scale as in the tangent-graph the points are plotte 
and joined free-hand. 


The graph is shown on the previous page (between x= — л to 
= +9л), 


This graph also, like the tangent-graph, is discontinuous, the 
points of discontinuity being 2=0 and т-тл. The portion 
between z—0 and ш=л is repeated over and over again on 
either side, as is consequent from the formula cot (пл + 2) = соб т. 


147. Graph of cosec x or cosecant-graph. 


The corresponding values of z and y are tabulated at inter- 
vals of 10° of т as follows :— 


z Еш —10° | 0° | 10% 20°) 30?letc, кіш jor 110? eto, 
pisa ЛЕП со ЕТ 2 leto, ray 1 ro ros eto. 


[ If the table of natural cosecants be not avilable, the table 


of natural sines may be used and the values of созес 2 -ат 
may be calculated for different values of т. ] 


= 
The scale is so chosen that 1 Small division along OX 


о m — 
represents 10°, and 3 small divisions along OY represent unity. 


The tabulated points are now plotted and joined free-hand. 
55 Dn shown on the nest раве (between the range 


Note 1. This graph also consists of detached branches, the points of 
being 2-0 and Ф-тт. The 

Tho lines z—7 aro asymp- 
5 18 repoated on either side, over and 
Over again, 
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Cosecant-graph 
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14'8. Graph of sec x or secant-graph. 


The corresponding values of д and у (=sec а) are tabulated 
as in the case of cosecant-graph, by making use of the table of 
cosines, if a table of secants be not available. 


With the same scale as in the cosecant-graph, the tabulated 
points have been plotted and joined free-hand. 


The graph is shown in the adjoining page (between the range 
= -n to c — 9). 


Note. It is apparent from the figure that the secant-graph is exactly 
the same as the cosecant-graph, only shifted backwards (to the left) through 
а space of 90°. 


This is due бо the fact that cosec (90° + 2) = sec т. 


[ Зее note 
below Art. 1441 


14'9. Graphs of other Trigonometrical Expressions, 


Graphs of other trigonometrical functions may be obtained in 
а Similar manner. 


We illustrate this by an example. 


Ex. Draw the graph of y=sin 2 + соз т between the range 
250 to Федя, and find from the graph the values of œ for which 
(i) у-0, (i) у is maximum, (iii) у is minimum. [ C. U. 1984 ] 


From the table of natural sines and cosines, corresponding to 
each value of z, the values of sin 2 and cos 2 шау be separately 
obtained and then added to give y; or else we may write y= 
sin 2+ cos a= ,/9 (sin 2 cos 4л + соз т sin 3л)- ,/9 sin (æ+ бл), 
and corresponding to any value of x, sin (2 -- 12) may be deduced 


from the sine-table, and this multiplied by /2(=1°414) will 
give y. 


` GRAPH: 
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Secant-graph 


200 
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Graph of sin а cos æ 


-%, 
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The corresponding values of т and y are tabulated at intervals. 
of 10° of z, between the intervals т= 0 to 2 = 9л as follows : 


| ] 
z o° | 10° | 20° | 30° | 40° | 50° | 60° | 70° | 80° | 90° | 100* 
| 
1 
y 1 xis 1 1:37 rara xor | уз 15 | 1 | *81 
— ша 1 ті ERIGI 
x |110°|120°| 180?| 140° 150° | 160° | 170° 180° | 190° 200° 
| 
| | 
y 759 | 787 | 718 |- "18 |-"87 E —81| -1|-115|-1'27 
c 910% | 220° | 230° 940° | 950° 960° | 970? 280° 
-1:87| -1:41| - 1741 -1:87| -1:97|-115 —1 |-181 


340° | 350° | 360? 


"97 759 "81 1 


y —159| -"87| - 18 718 


o that 1 small division along OX re- 
long OY represent uniby. 


joined. The graph 


The scale is chosen в 
presents 10°, and 10 small divisions & 
The tabulated points are now plotted and 
is ав shown on the previous pB£e. 
ph we find that (i) /-0 when 27185? and 


From the gra шыты: E 
en &=45°, (iii) у is minimum 


2—915?, (i) у is maximum wh 
when а= 9957. 

14:10. Graphical Solution of Equations. 

Trigonometrical equations, just like algebraic equations, may 
be solved graphically. In fact in many practical cases, parti- 


ж 
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| cularly where the solutions are not obtained in terms of the 
standard angles, the graphical method of solution is the only 
one which is found convenient and is actually adopted. The 
method is illustrated by the following examples. 


Ех. 1. Solve graphically the equation 2 sin?z = cos 90, giving 


л Зл 
only those solutions of = which lie between — 2 and a 


[ 0. U. 1988, '46, 481 


We draw two graphs, namely, 
у= 9 sin?z = (1 — cos 92) 
and y=cos 2x 


by tabulating the corresponding values of т and y for the two 
cases separately, making use of the table of natural cosines, for 


the range v= — à to 2-3% аб intervals of 10° or 15° of z. 


rs 
With the same scale, namely, 1 small division along OX 


representing 10°, 


and 10 small divisions along OY representing 
unity, 


we plot the tabulated values for the two cases in the 


same graph-paper, and joining them, we get the two graphs, as 
shown in the adjoining page. 


We find that the two graphs intersect, and thus haye the 
same abscissm and ordinates at the points for which 


Thus; 2 sin*z = сов 92 ig satisfied for the values of т given by 


=_% т бл Tx 


оби ба 


which are tho required solutions within the range 
п, Зл 
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cos 22. 


5% 


in 


ion of 2 8 


Graphical solut 
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Ex.2. Solve graphically the equation tan x= 9х between z — 0 
and т= 5 : [ C. U. 19391) 


Here, z is supposed to be measured in radians, 
First of all we draw separately two graphs, namely, 
479r ә. = (і) 


and y=tana. © SARGI) 


The corresponding values of z and y within the range 2—0 


and z= Ж are tabulated in case (i) аз follows : 


т | ^ 
(in radians) | 0 


у (ке. 92) : 3 
(numerical | 0 | 105 | 210 | 815 


and in case (ii) аз follows : 


z 
(in radians) 


у (es, ta КЕШЕ АЙЕ ЕСТ; | 
ЛЕН 0 | 18 | 36 |°57 | 84 1219 178 975 Ш со 


Now, choosing the same scale, 
— a ча 


OX to represent 15 radians, and 10 small divisions along OY 


to represent unity, we plot the tabulated points for the two 
Cases in the same graph-paper and joining them we get the two 


namely, 5 small divisions along 


graphs within the range 2-0 and == gas Shown in the adjoining. 
page. 
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Graphical solution of tan v= 20. 
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We find that the two graphs intersect at the point given 
by Ф-0 and also at the point corresponding to 33'0 small 


2% 
divisions along OX, which, from our chosen scale, represents 
2-229 x Ж radians = 1'17 radians (approximately), 


Hence, the given equation tan z—29z is. satisfied between 


2=0 and r= 5 by the values of т, namely 2-0 and 22117 


(approximately), which are the required solutions in radians. 


Examples XIV. 
1. Draw the graphs of 
(i) sin За between #=0° to z— 180*, 
(ii) tan $x between œ= —1z to œ =n, 


(iii) sin 0 cos 0 between 6 = -ліоӨб-4л, 


(iv) 


1 л л 
сов"0 — sing between 0- — Gy as 2 
(v) cos (а sin x) between #=0 to z— iz. 

(vi) sin 0— ‚/3 cos 0 between 0 =0 to б=л. 


(vii) $ cosec фе between z —0 to = 94. 


2. (i) Trace the changes in the sign of cos 0 — sin 0 аз 0 changes 
from 0* to 360*, Verify your conclusions by a graph. 
(і) Traco the changes in sign and magnitude of 
2 sin 0 — sin 90 
2 sin 0 - sin 20 [ B. Н. U. 1931] 


3. Draw the graph of y=sin (e+4x) between the limits 
2= —28ndz- +z, 
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4. Draw the graphs of sin 0 and cos 0 between 0=0 and 
0--л. Find the points where the graphs intersect. 
[ C. U. 1936, '46 ] 


5. Construct the graphs of tan т and cos т between 0 and 


Зл for т, making а tabulation of the values of y dividing the 


interval into 9 equal parts. 
d approximately the value of v from the 


If tan w=cos 2, fin 
[ 0. U. 1948 1 


above two graphs. 
6. Obtain graphically & solution of the equat: 


between т =0 and 277 л. 

[ Draw the graphs of y=tan 2 атау=1.] 
—gin 2x for values of 2 lying 
the least value of 


ion tan 271, 
[ C. 2. 1987 1 


7. Draw the graph of cos Ф 
between 0° and 90° and hence obtain 


cos 2 — sin дт in this range. 


8. Solve graphically the equations : 
аз=3л. [0. 9. 1945 ] 


(ii) 5 sin 0+9 сов 0 —5, between 6-07 and 8-970". 
[ С. U. 1947] 


(i) &— tan 2-0, between © =0 an 


y=5 and find the common 


5 sin 0+2 cos 0 and 
points, ] 


[ Draw the graphs of y= 


(iii) соб 06-бап 0 —9, between 9 =0 and 67. [ 0. О. 1949 | 
(iv) оовес 2 7 соб т 4/3, between є 70 and сел. 
(у) cos c = sin 22% 3, between 27 — їл and a= ia. 
(vi) 5- tan 2— 92, 


) 2sinz 2-370. 


between 0 and. 2л. 


(vii 
(viii) 2° —cos т. 


(ix).2 = cos". $ 
[ Draw the graphs of у= соз 22 and у=92—1, ] 
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9. Represent by a graph the displacement given by 


з = 2 sin ít sin 3%. 


10. Show graphically that the equation 2 sin æ+ сов 22= +0 
has only three real roots. 


11. | Sketch the graphs : 


y=, y=sin 2, y=tan т, in(—3z, $x). From the nature 
of graphs near the origin, can you suggest any relation among 


them at the origin ? [ 0. U. 1952] 
ANSWERS 
4. 0=4т. 5. 1-88? 10’ nearly, 6. ir. 7. —'87 nearly. 
8. (i) 2-0. (ii) 46? 25: (nearly) and 90°, (iii) 223° and 11949. 
(iv) $7. (9) 14? nearly, (vi) 119, 972, 4:92. 


(vil) 116, 3'28, 4:95, (viii) +'82. (ix) "64, 


OHAPTER XV 
SOLUTION OF TRIANGLES 


154. In a triangle there are six parts, the three sides and 
the three angles. These are not independent, but are connected 
by the relations between the sides and angles of the triangle, 
which have been established in Chapter ХИТ. In fact, if three 
of the parts are given, the remaining three can, in general, be 
determined, and the corresponding triangle completely known. 
The cases that can arise are the following : 

(1) three sides may be given ; 

(2) three angles may be given ; 

(3) two sides and the included angle may be given ; 
(4) two angles and one side may be given ; 

(5) two sides and an opposite angle may be given. 


We shall discuss these cases one by one. 


15'2. Three sides given. 

Let the three sides @, b, c of в triangle ABC be given. Now, 
provided the sum of any two of these given sides is greater 
than the third, the triangle ABO with the three given sides can 
be geometrically constructed and the triangle is unique ; in other 
words, its angles are definite. To determine any angle A, say, 
we may use the rigorous formula, 

bt +o? а“ 


and thereby determine cos 4, and then from the cosine-table find 
out the angle with this cosine. It is clear thatthe angle, being 
an angle of & triangle, lies between 0 and z, and within this 


H, S. Tr.—14 
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range an angle with a given cosine has got only one value. Thus 
the angle is definitely known. 


Here we want to make one point clear. Though the formula 
used is rigorous, the cosine-table, by means of which we deter- 
mine the angle with a given cosine, gives only approximate 
values. Now, it is a Principle proved in books on higher 
mathematics (with the aid of Calculus), that when an angle is 
determined by using an approximate table, the best result is 
obtained by using the Logarithmic tangent-table, and an angle 
determined from its Z tan, using а four-figure table is more 
accurate than that determined by using even a seven-figure 
віпе-бабів or cosine-table. If а suitable tangent ormula 
available therefore, we should make use of it, 


Hence, for practical purposes, in this case, to determine 4, 
we use the formula 


tand4-— / оо, 
where s=3(a+b+c), which is known. 
Taking logarithm, and adding 10, we get the value of L tan $4 
and therefore А is known, 
Similarly, B and C are determined. 


Tn case tan $4 ha 
dard angle, 44 ig 
not wanted. 


Ppens to be equal to the tangent of a stan- 
at once known and the use of logarithm is 


Ex. The sides of a triangle are 2, 3, 4. Find the greatest 

angle, having given 
log 2="30103, log 3—'4771218, 

L ian 59° 14'= 101108395, L tan 59° 15/— 10'1111004. 


Hero, 22354, 9. 
2 2 
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The greatest side 4 being denoted by ‘a’, the greatest angle 4 
(which is opposite to the greatest side) is given by 


_ /(3-9)8-3)., /58 10 
poe / 8-4) 91 98 


Ltan $А=10+$ (log 10—1ов 9- Јов 8) 
=10 +4 (1— 30103 - 4771213) 
= 1071109244. 


Now, L tan ФА lies between Z tan 59° 14' and Г tan 59715. 
Hence, # А lies between 59° 14’ and 52° 15. 

Let 14-59? 14' s". 

Then diff. for æ” is 0000849, 

and diff. for 1’, i.e., 60" is 70002609. 


т _ 849 _60х849 
Hence, 60-9609’ 0" 57 19609 


= 195 nearly. 


Hence, 44-59“ 14! 19%”, 
or A — 104? 98! 39" nearly. 


153. Three angles given. 


In this case the triangle cannot be solved, for there are 
innumerable triangles with the same three angles. All these 
triangles, being equiangular, are similar, and the ratio of their 
sides can be determined from Бре formula, 

Бре ДЖ 
sinA sinB sin О 


a:b:c=sin А: sin В: sin C. 


or, 
Ex. Zhe angles of а triangle are in the ratio«9 : 3:7. Prove 
that the sides ате in the ratio of /9:9:(,/8+1). 
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The angles being in the ratio of 9 : 3:7, and their sum being 
180°, the angles are evidently 30°, 45* and 105? respectively. 
Нэпов, the ratio of the Sides will be 
sin 30° : sin 45? : sin 105°, 

Е Ш но Уза 

2.6., 2 Б 778: 2/2 

ог, ,/9:4:( 


Examples XV(A) 


1. The sides ofa triangle are 94, 99, 14; find the least angle, 
given L tan 17° 33'— 9500049, diff. for 1'—439, 


2. The sides of a triangle are 50, 36 a 
angle, having given 
log 19 = 1:9787536 log 29 = 14623980 
L tan 51° 0 = 100916308, L tan 51° 1' 21070918891, 


3. The sides of a triangle are 9, 10 and 11; find the angle 
opposite to the side 10, given 
-L tan 99° 30' = 97526490, L tan 99? 99' 
log 2- 30103, 
4. The sides of в triangle are 9, 3, 4. 


Correctly to degrees and minutes by the he 
tables. 


nd 28 ; find the greatest 


= 97523479, 

ГО, U. 1943] 
Find all the angles 
lp of mathematical 


5. (i) The sides of a tri 


angle are 15, 19, 94 ; find the greatest 
angle of the triangle. ` 


Given log 5'7=`75587, Т, сов 88° 


59' = 894903, 
diff. for 1' - 718. 


[ C. U. 19861 
minutes and seconds 
iven 


(ii) Find the greatest angle in degrees, 
iangle whose sides ‘are 5, 6, 7, having g 
108,6 = 7781513, 


L сов 39° 14’=9'8890644, diff. for 60" = "0001039. 


ina tr 
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6. (i) The sides of a triangle are 7, 8, 9 ; solve the triangle. 
[ C. U. 19881 


(ii) It 435, 5-40, c=66, determine the greatest angle. 
ГО. U. 1945 ] 


[ Use Mathematical Tables. ] 


7. Given a= J6, b=2, c= 4/3—1 ; solve the triangle. 
8. Given a=2, b= /2, c= ,/8%1; solve the triangle. 
9. Ша-7,%-5,с-8, solve the triangle. 


Given cos 38° 11'= #4. 
10. Ifa=3+ 4/8, 6-2 4/3, c= V3, solve the triangle. 


11. The angles of а triangle are 105°, 60° and 15°; find the 
ratio of the sides. 


19. If A4=45°, B=60°, show абс: a= Ја 1: 9. 


13. The angles of а triangle are as 1: 2:7; find the ratio of 
the greatest side to the least side. 


14. Ifcos А-%, cos В- 8, find a : 5: с. 


s adjacent to the base of a triangle are 224° 


15. If the angle 
s half the base. 


and 1194“, show that the altitude i 
gle, and let B=224°, C=1124° and let AD be 


[ Let ABC be the trian 
=180°— (224° +1123°) = 45°, 


perp. from 4 on BC. Then 4 
АВ 
also AD=4B sin 924%; ВС un 13$ 
94D sin 223° 
^/2 sin 45° 


АВ 


ə' віп 45° = 
[2 cos 294° 


содр. | 


16. ТЕ the sides of а triangle are 4, 5, 6, show that the 
greatest angle is double the least. 
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ANSWERS ! 
1. 85% 5' 49", 2. 109917267, 8. 58° 59’ 39% 
4. 104° 80’ ; 46° 36' ; 28° 54’, 5. (i) 88° 59" 40:99, 
(ii) 78? 27 46:86". 6. (i) 48° 11’ 29" ; 58° 24’ 43°; 782 23' 54", 
(ii) 182° 34' 24", 7. 42120*, В=45°, C=15°, 
8. 4=45°, В=30°, C=105°. 9. Аз 60°, В=38° 11, 0=81° 49“, 
10. 4=105°, В=45°, О=80°. 11. (48-1): 6: (48—1). 
13. (45-1): (45— 1). 14. 3:4:5. 


154. Two sides and the included angle given, 


Let the two sides b, c and the included angle A of 

a triangle ABC be given. It is easy to construct the triangle 

| geometrically, and there will be only one definite triangle with 

the given parts. To find the other angles B and C, we notice 
that 


В+0=180°- 4, 
ів. б-р» 4, 


d 5-с 4 
log (е | +L cot 5 . 
с, and A being given, the right-hand side is known and thus, 


7, tan 


© is known, whence 0 is known. 
BEOR - б 
g ва з. e being both known, by addition and 


' subtraction, we get B and О respectively. 


Now 
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The reason of using tangent formula to determine B-C has 


already been explained in Art. 152. 

When В and C are known, the third side а is easily obtained 
from 

DP UA CERO 

sind ві В ' sin б 

Ex. Ina triangle, Ь=2`25, с=1'75, А=54, find B and €, 
having given, 

log 2= 1801030, L tan 63°= 10°292834, 


L tan 18° 47/-9:389794, Г tan 13° 48’ =9'390270. 
[ C. U. 1931] 
Here, 


B+0 qv. 4 —90°—91°=63°. © (i 
жак 90—59 90° - 27° = 63°. (i) 


L шп SPH tan 63° - 3 log 2 
—10:292834 - "903090 
= 9389744. 
Now, L tan 13° 47 —9:889724 
and D tan 13° 48'= 91890270. 
Hence, 89 being 18° 47 a" 
wo get, diff. for 2" = 000020 2 
and айт. for 1^, ie., 60" = 000546. 
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0 
=, = =2:9 1 
60 546 9^ Є 546 4/2 nearly. 
Hence, =o. 13° 47' g'o” nearly. 


Combining with (i), B=76° 47/22" ana C=49° 19! 578”. 


155. Two angles and а side given. 


Let any side a of a triangle ABC, and any two of its angles 
be given. The sum of the three angles being 180°, the third 


angle is also known. To find the other two sides b and c, we 
use the formula 


Ex. In a triangle ABC, А- 88? % В 
Find c, having given log 
log 089896 = 295874, 


Неге, 
C=180° -(4%В) 
= 180° - 83? 90), 


=45° and b= 64 ft. 
2="30103, 7, sin 83° 20' = 9'99705 and 


Now, 


c b 


sin@ sin В 


c 64 64 
or, 4 = Sranh “^^: 6 = == 
sin (180° — 83° 207) ^ sin 45° 1/J9 64 Ја, 
is 
с-93 sin 839 90’, 
log c=48 log 94 Г sin 83° 90/-10 
= 22 (80103) + 999705 - 10 = 195374. 


Thus, log c has 


the same mantissa as log 089896, but has its 
characteristic 1. 


Hence, c — 89:896 feet. 
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Examples XV(B) 
1. Two sides of а triangle are 3 and 5 feet and the included 
angle is 120° ; find the other angles, having given 
log 4:8- 6819412 
L tan 8° 19'-9`1586706, diff. for 60!-8940. [ 0. U. 1949 ] 


се 


[Patting фобії» с-8%, 4-190, tan 35-0) == Л 


= cot 60°=1/ 5/18, 2. L tani (В- C) =10+108 1— log 48 —9 1593794. 
Also, L tan 8° 12’=9'1586706. .". diff, in L tan- 7088, propl. increase in 
angle= 1938 x 607-487. 

г. МВ-0)=8° 12' 48". Also, à(B--C)-90*— 34 - 90* — 60" =80°, 


Hence, adding and subtracting, values of B and С are obtained. ] 


9. Ifb=1300, c=1400 and A=60°, find В and 0. 
Given log 8- 4711918, 
L tan 3° 40'= 88067422, diff. for 10" = 3306. 
3. Шат21,5-11, C=34° 49! 30", find 4 and B. 
Given log 2 - 30103, 
and L tan 79° 38' 45" = 1050515. 
4. If the sides а and b are in the ratio УВ 
angle О is 60°, find Aand B, given 
log 2= :8010300, log 37 74771513, 
Ту tan 34° 42 = 9'8403776, diff. for 1 = 2699. 
des of а plane triangle are 14 and 11 and the 
° Find the remaining angles, having given 
74999, L tan 11? 45'= 98180640. 


3 and the included 


5. Two si 
included angle is 60 
L tan 11° 447-9391 


[ 0. 0. 1922] 
6. (i) Two sides of a triangle are 80 and 100%. and the 
included angle is 60°. Find the other angles. LO. U. 1946) 


(4) Ita 5. b=3, 0 — 70? 30", find the remaining angles. 
‘ Gii) Tf а 2399, 9- 439, C= 38° 14, solve the triangle 
[ Use Mathematical Tables. ] 
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7. (i) In a plane triangle, b=540, с=490 and A=59° 6’ ; find 
B and C, having given 
L tan 96° 3'— 96891430, | 
L tan 14° 20'=94074189, Т, tan 14° 91'=9`4079453. | 
Г0. 0. 1984] | 
(ii) Given a=70, b= 35, C=36° 59/ 12”, log 8=0'4771913,  . 
L cot 18° 96' 6" —10'4771913. Calculate the other two angles 
А and В. [ C. 0. 1935, '87 ] 


8. If a-2 /6,c=6-2,/3, В=75°, solve the triangle. 


9. Two sides of а triangle are 43-1 and ,/8-1 and the 
included angle is 60° ; solye the triangle, 


10. (i) Ita-2, b=1+ J3, C — 60°, solve the triangle. 
(ii) It a=9, b=4, C=60°, find A and В, 


11. Ifa=19, B=59° gg and C — 93? 40’, fing b, having given 
log 27038 = 44319746 ; log 19 = 172787596 ; 
log 27037 = 44319585; 


L sin 52° 9g' = 98992797, L sin 33° 59' = 97460595. 


2 5 а 2 віп В 
POND UI 5 bach 
(10--log sin B) — (10--log sin А) 
=log 19+Z sin 52° 987—7, sin 88° 59"«- 1:4319668. 
From the data, log 217037 = 1:4319585, log 27:088—1'4819746. .’. diff. for 
, and log 5 —log 27037 = "0000083. *. propl. increase in the 
Value of b= вак '001= 0005, ... b= 27"087-+'0005=27:0875, 1 


12. 


[4 7180* - (B+ C) - 33? 59’ 


If B-45*, 0=10° and a= 200 ft., find b, having given 
log 2—':30103, L sin 55° — 99133645, 
log 17961 — 39371414, log 17965 = 389371666. 
ГС. 0. 19471 


dti з 
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13. п 4=41° 13! 99", B- 71? 19 5", and а= 55, find b, given 
log 55 = 17403627, log 79063 = 48979175 : 
L sin 41? 13' 22” = 98188779 
L sin 71° 19’ 5" - 99764997. 
14. б) It B=70° 30, 0-18” 10", а= 102, solve the triangle. 
(ii) If a=39, 4-81? 35, B= 97° 55", solve the triangle. 
(iii) It 4= 37° 15, в= 79° 5, а= 75'9, find b and с. 
[ Mathematical tables should be used. 1 
15. It A=75°, В=30°, b= V8, solve the triangle. 
16. If 4-307, B= 45°, b — 9, solve the triangle. 
17. ша triangle in which each base angle is double o 


third angle, the base is 9 ; solve the triangle. 


{Let ABC be the triangle, in which В-С-24, anda 


° p=0= ni 
A=36°, В=(=12° and b=¢= in д sin B 


f the 
=2; then 


В+0+А=54=180°. 


2S dn ade асов д ^/5+1.] 


sin A 
[ For the value of cos 36° 
18. Given a= T, 4-60", A=2 V3, find b and c. 
A=dbe sin А=85с sin бо" двс“. бе“ 8. 
57 =а? фа +С" —9bc cos Aad? +07 – 2.8.4. 
за b? c? -- 95e 65-- 16 - 81. 


*, (ко) 
c? — bc 65 — 16 — 49. 


seo Art. 99.1 


[2 Ве 


Again, 
+, b+’ =65. 
(ај 
otc=9 ] г. февогі 
b-c- +7 с=1 or 8. 


ANSWERS 
1. В=88° 2. В=56° 19' 46:8", 0-69 4071977, 
з. A-1177" 88 457, B=27° 88 45°. 4, 4-94? 49’ 54", B=25° 11' 64, 
5. В=71° 44 29:5", C — 48° 15’ 80°5°. 6, (i) 70° 58" 36° ; 49° 6' 14", 
(ii) 74° 18" 50", 35° 16’ 10”. (1) 4=64° 21', B=77° 26, c= 21:89. 


12’ 48", С=91° 4T 19". 
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7. (i) B=78° 17’ 396", 0-49» 86” 204", (ії) 116? 33' 54” ; 26° 33' 54°, 


8. А=В=15°, C-30*, 52.6, 9. 46, 15°, 105°, 
10. (i) 4=45°, В=15°, c= Jo. (8) 4=30°, В=90°, 11. 27'0875. 
12. 1726436 ft, 18. 79068. 14.() 4=81° 20, 5—185, c 192. 


(ii) 5— 18:46, ¢=87'16, C=70° 30“, 
15. C=75°, a=c=2 қ/8--2. 


(iii) 51189, с=117:9, 
16. С= 105°, a= м2, c= J3+1, 
17. 72°, 72°, 36° ; each side= /5+1, 18, 8,1. 


156. Two sides and an opposite angle given. 


Let the two sides b and cing 


triangle АВО, and the angle B 
opposite to the side b given. 


In this case, we get the angle C fr. 
sin С sin В in.2tsinB 
FU b or, sin C= Sgt a 
Now, three cases may arise, namely, 


(i) csin B> p, In this case 
so C cannot be obtain 
triangle is Possible, 


(ii) c sin B =p, Here, sin Q becomes 1 and therefore; 
0-90. Thus, 4-90%- В. We thus get a right- 


angled triengle with right angle at C, and the side а 
will be obtained from 


=a? pa or, a= Jc? фа. 


(iii) c sin B< b. In this case sin О ів Jess than 1, and 
hence, С can be determined. Now, sines of supple- 
mentary angles are known to be equal, ard an angle 
of a triangle may be acute or obtuse. We therefore 
get two Supplementary values of C having the same 
value for sin О. Three sub-cases now arise : 

Sub-case А. Ті of the two given sides, b > c, then B. 7 0, 
and therefore the obtuse value of 0 becomes inadmissible, for 


om the formula 


sin C is greater than 1, and 
ed. In fact in this case no 


. which b, с, B are given & 
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otherwise В is also obtuse and two angles B and C of the triangle 
become both obtuse. Thus, the only admissible solution is the 
acute value of С. Now, B and О being both known, 4 is obtained 
from А+В+0=180°. The side а will be known from 


5 ETC 
or, sin С 


Thus, the triangle is uniquely solved. 

Sub-case B. If b=c, then B=C, and here also the obtuse 
value of О is inadmissible ; with the acute value of О the triangle 
is uniquely solved exactly as in the above case. 

Sub-case C. Itb < c, then В < 0, во that О may be either 
Both the supplementary values of С being 
admissible now, there will be two possible triangles with the 
three given parts b, c, В. Corresponding to each value of C, the 
value of A is determined from А+В+ 0=180°, and then а is 


obtained from the formula 


acute or obtuse. 


т ғасы 

sin А sin В ' sin C 

As there are two solutions of the triangle in this case, each 
ssible, this sub-case in the solution of a triangle in 
nd b> csin B but < с, is referred to 
he solution of triangles. 


equally admi 


as the Ambiguous Case in б 


We may sum up the results as follows ; 


When in а triangle b, 0, B are given, 
(i) if b < c sin B, no triangle is possible : 
(ii) if b=e sin B, we geb a definite right-angled triangle as 
solution 5 
(iii) if b > c and therefore necessarily > c sin B, we get 
one definite solution having C acute ; 
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(iv) if b— c and therefore necessarily > c sin B, we get one 
definite solution having C acute ; 
(v) Но > csin В but < с, there are two solutions, and 
this case is the ambiguous case. 
157. Geometrical treatment of the Ambiguous Case. 


To make the ideas clear, we Proceed to construct geometri- 
cally the triangle in which two sides and an opposite angle, viz., 
b, c and B are given. 


A 


Fig. (iii) Fig. (iv) 


Let АВХ be the given angle В, and along one arm of it, take 
АВ=с. Теб AN be the perpendicular from А on ВХ Then 


АМЕ 
ap SD В, so that AN= AB sin В-с sin В. 
4 


With centre 4 and radius b draw а circle, 


/ 
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Case (i). Ifb < csin В, ie, < АМ, the circle does not meet 
the side ВХ at all and no triangle is therefore obtained 
[ Зее fig. (i). 1 

Case (ij). It bc sin B, ге. = AN, the circle touches the side 


ВХ at С coincident with N, as in fig. (ii). Hence, а right-angled 
in which the sides ЯВ, 20 and the angle В 


$, В. Thus, АВО is the required triangle. 


Case (iii). Itb > 0, ів, 7 AB, the circle cuts BX at two 
points О and 0" on opposite sides of В as in fig. (ii). The triangle 
ABC’, though it has the sides AB, AC equal to the given 
quantities с and 6, has the angle В поб equal to the given angle, 
but equal to its supplement. Hence, it is not the solution 
In this case the triange ABC is the only solution. 
= AB, the point С' of the above case 
e ABO is obtained аз the 


triangle is formed, 
have the given values с, 


required. 

Case (iv), Ifb=6, ies 
coincides with B, and only one triangl 
required solution. 

Case (0). Itb > csin В, 
АВ), the circle cuts BX at two point 
side of B as in fig. (iv). Both the triang 
the same three given parts and both are pos 


is therefore the Ambiguous case. 
discussion of the Ambiguous case- 


ie, > AN but less than c (or, 
s 0, and Оз on the same 
les АВС: and ABO; have 
sible solutions. This 


15'8. Algebraic 


By considering the equation 
p? =07 +a" — 2ac сов B 


we may first of all determine 0, instead 


in which 5, c, В are given, 
of trying to determine 0. 


в the equation as 8 
Ваков - b^ —0, 


Considerin quadratic in а, 712.) 
а? — 2c сов 


and by solving 16, we set 


РЕ 
a=ccos BE ва - с? sin? B. 
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(i) Itb < c sin B, b? — c? sin?B is negative and thus the two 
values of a are imaginary. ( No solution ) 

(ii) It b=c sin B, b? — c? sin?B —0 and thus the two values of 
а ате real and coincident. 

(one solution : one triangle right-angled at C, since b=c sin B) 

(iii) Itb > c sin B, b? — с? sin?B is positive, so two values of 
а are real and distinct, but they are not always admissible. 

(a) When b > c, (i.e. b? > с? (sin? В + cos? В), b? — c? sin? B > 


c? cos? В, ѓе. 5/52 — с sin2B > с cos B and hence one value of а 
is positive and the other negative. (ome solution) 


(b) When b=c, b*—c? sin*B-c?— c? sin? B- c? cos? В and 
hence one value of а is zero. (one solution) 


(c) When b < с, i.e., b? < с? (вій? Вк cos? B), b? — c? від? B < 
о? сов? B, ie., ,/0%- c? sin?B < c cos В. 


So both the values of a are real and positive. (two solutions) 


This is known as the algebraical discussion of the ambiguou 
case. 


An example illustrating the algebraic method is added below. 
Ex. 1. In a triangle, 5-15 ft, c=10ft., В-60% Find 
а and A having given sin 84° 44'="99578, 
We have 5*—c* +a" — дод cos В, giving here 
225 = 100 +a? - 20a сов 60%; 
or, а%-10а4-195-0 whence 
2-753556. 
Rojecting the negative value for а as inadmissible, the опіУ 


Possible value of a — 5 (4/6 +1) +. There is thus one solution 


and there is no artbiguity. In fact this is case (iii) of the previous 
article. 


а. 


ЧЕ „оа ena ie 
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21 20 10 БСБ) Зе 
Again, sin А b sin B 15 EXT 6 


_ 8x 141491-- 41773905 


6 —'99578 -- 


во А - 84° 44". 
Ex. 2. In a triangle, ас784, 6=649 and В=48° 13! 95" ; 
find A, having given 
log 734 = 98656961, log 649 — 98199447, 
L sin 48° 18' 95" = 98725936, 
L sin 57° 30’ = 99260999 ( diff. for 1'=804 ) 
Is the case ambiguous ? 
' Here, 


P - авіп B 784 : о torn 
sin 477 р 764980 48° 13 95. 


L sin A=log 734 - log 649+ L sin 48° 13' 95" 
= 9:8656961 — 2`8129447 + 9°8725936 
= 99260450. 
Now, diff. of this from L sin 57° 80/ - 158 (i.e., 10000158) 
and diff. for 1’ (or 60") — 804 (i.e., 0000804). 


A=67° 30' а” where 


Hence, 
CAES whence 2 21178 nearly. 
Thus 4-67 30! 11'8" or its supplement 129° 997 48:97 


which has also the ваше sine, and so the 
same L sine. 


Now, in this case a > b and so А > Band,thus both values 
of Aare admissible, This case is, therefore, the ambiguous case 


and will have two solutions. 


z, 8. Tr,—15 
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A Examples XV(C) 

1. Given (i) 4-80", a=6, 5-4. 

(ii) А-60% a=7, 5-8. 

(iii) А-45% ас, 5-8. 

(iv) 4=30°, ас 3, 5—6. 
Find in whieh case the solution is ambiguous, in which сазе 

there is one solution, and in which case there is no solution. 
2. (i) Пред c= КЕЈ +1 and В=45°, solve the triangle. 
Gi) If a=3, b=3 /3, 4-30% fina B. 

3. Ifa=2,b= /6, В- 60“, solve the triangle. 
4. Ifa=2,b=5, А=30°, solve the triangle, 


9. If 0, c, В are given and if < c, show that 
(as — aa)? + (а, a5)? tan2?B= 45%, 
аз and аз being the two possible values of a. 

[ From the relation, 27-03-42 —2ca cos B, we get the quadratic to deter- 
mine a, viz, @?—2ac cos В+с*—5*=0 [ seo Note, Art, 1571 of which the 
roots are a, and ap .’. а +аз=2с cos В; 4,45,—c* -b*, .. (a,—a;) 
= (ai a;)? — Чаша, — 4c? cos*B—4(c?—b3), ,, (а; —a;)? (а, аз)? tan? B 
= 40 cos? B— (от — b?)+4c? cos? В tan’ В = 4с? (соз? В + sin? B) —4c? + 4b? 
= 4c? — 4c? +462 — 4p?, ] 

6. Inthe ambiguous case, given а, b and A, prove that the 
difference between the two values of с is 

2 Ja* — 8 sin?4. 

[ From the relation a? = оз — 260 cos A, we get the quadratic to deter- 
mine c, vig, ¢?=2¢.b cos A+b?—a?=0 of which the Toots are c, and сз. 

01+с3=92Ь cos A, Cia =b? с; (с.с)? = (с, +04)? - 4с;с2 
= 4h? c08* 4 — 4(02 — а?) = 4a? — 4р2 (1— сов? 4) = 4(а* — 63 sin?A), .. ото 
=2 /ай — 5? sin?4, 1 

7. Ша, b, Азате given, and if Сі, Са are the values of the 
third side in the ambiguous case, prove that if бі > Ca, 

(i) с,-с,-9л cos By. : [ B. H. 0. I. 1928) 
D 
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(ii) сі? es? — 20162 cos 24 40° сов” A. 
[ B. H. U. I. 1935 ; Pat. I. 1936 ] 
(iii) сов 0,0% -? sin 4, [ А. Т, 1941] 
à 8. If b=16, с-95 and В=33° 15', find the other angles ; 
Blven 
L sin 33° 15'=97390129, log 9 = "80103, 
L sin 58° 57'=9'9398376, 2 sin 58° 56'=9'9397616. 
9. Ша-5,5-4, А=45°, find Band О; given 
log 9 = "80103, Z віп 34° 97/--975957. 
10. If a=30, 6=300, find А in order that B may Беа right 
angle, having given that 
L віп 5° 44! = 89995595, diff. for 1'- 19565. 
с=95 and 0=60°, find the other angles ; given 


11. If a=16, 
log 8= 4771913, 


log 2 — 30108, 
L sin 33° 39! - 97436024, diff. for 1' 1897. 
19. І5-165,0-208, and В=35° 10’, find the angles A and 
О; given 
log 165 = 21749, log 2:58 ="41162, 
L sin 35° 10’ — 976039, L sin 64? 14'— 995459. 
and tan*4 = $, prove that there are two values 


18. If 2b—3a 
one of which is double the other. 


of the third side, 

[As in Ex. 6 above, two values of the third side (c,, с.) are the roots of 

EAS A45? —a? 0. Solving it as a quadratic in c, с, and c, are given 

by boos 4% Nar =b" sin? А. Since 26=3а, .. a=%b; since ќап?4= $, 

2. ыш?А-ф cos 4-4 NIOL’ a<bhere, A < B, and го А must be acute 

and so cos 4 is positive 1; substituting these values, c, and с, are given i 
n? 


+, себе 
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14. If 4,, B, and Ag, Be are the angles of the two triangles 
in the ambiguous case where 0, c, C are given, 


sin 4, | sin Аз 
ВИ sin Bs 


72 сов C. 
15. Show that in the case that admits of two solutions, 
the two values of C satisfy the equation 


(a+b)? b-a)? 21 9a? 3 U. I. 1942] 
РСЗО, EEO sin*4 UB. H. 0.1. 


[ Left side = (a 5)*(1— cos C)- - a)*(1-- сов C) 


1-со820 
=2(a?+b* —9ab cos С) кодом вая. 
Sin*C sin*C sin?4 
Since in every triangle the sides are 


Proportional to the sines of the opposite 
angles, ] 


16. If log b+10=logc+Z sin B, can 


the triangle be 
ambiguous ? 


[log 6+10=log c-- Г. sin B-log'c--10--1og sin В. 
—log c=log ü, 
c 
C0 — 90“, 


slog sin B=log b 
d sin B= 3i but sin Be P sin с. г. віп 0-1. 


the triangle із right-angled and hence not ambiguous. ] 


ANSWERS 


1. (i) One solution. (ii) Ambiguous ; two solutions, 


(iti) No solution, (iv) One solution (right-angled triangle). 
2. (i) C=78°, 4=60°, a= y6 } (ii) 60°, ог, 190°, 

or, C=105°, 4=30°, a= ка 

4-45, B=75°, c= /3+1. (no ambiguity), 4. Impossible, 
8. 0=58° 56! 56:3" } C=121° 3' 3" 

4-87 48 8" | O^ 4.555 417 боци ] 

9. B=34° 97’, (= 100? 33’, 
10. A-5^44 9g, n 11. 4-83? 39’ 34", В=86° 20' 26", 


3 ог, A=29° 4’, 0 — 115? 46’, 16. No. 


19. 4-80? 36’, C- 64° 14’ 


APPENDIX 
SEC. А 


To prove that sin Ө < Ө < tan Ө, where 0 is the circular 
measure of any positive acute angle. 


Let АВО be a circle whose centre ів О and radius r. 


Let AOB=6 radians. Draw B 
BT thé tangent at B to meet 
OA produced at Т; then BT=r 
tan 0. Н 
We know that if the angle A m 


of а sector of a circle of radius r 
is 0 radians, its area = 4720. 
Now, from the figure 16 is 
obvious thaf 
ЛОАВ < sector OAB < AOBT. 
г. 273 віп ө < 4770 <trrtan 0, ќе 


Q 


sin 0 < 0 < tan 6. 


SEO. B 

1. Formule for sin (A+B) and cos (A+B) where А and B 
are of any magnitude. (Generalization of Art. 6 `1) 

In Article 61, formule for 
sin (A+B) and cos (A+B) were 
deduced geometrically with a figure 
in which A and B were acute 
and (A+B) less than 90°. We 
now prove them in a more general 
case. 


Let & revolving line, starting 
from OX, trace out ап angle XOZ=A and further trace оці 
н. 8. Tr.—16 
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ап angle ZOP — B, во that the total angle traced out is (А + B). 
From any point P on the final position of the revolving line, 
PN and PT are drawn perpendiculars to OX an OZ (produced 
if necessary, as in the above figure), and from Т perpendi- 
culars ТМ and TR are drawn on ОХ and PN (produced if 
necessary). 


In the figure above, Z POT= В- 180°, and since PN and PT 
are perpendiculars to ОХ and OZ respectively, /.ТРВ- Z ТОМ 
-180%- / XOZ, i.e., 180° — А. 


In considering sin (A+ В) and cos (A+B) from the triangle 
NOP, it is to be noted that PN in negative and ON and OP are 
positive. 


If we consider only the positive magnitudes of the sides of the 
acute-angled triangles ОТМ, PTR and ОРТ, then PN with its 
proper sign may be written as — (ТМ — PR) and ON with its 
proper sign may be written as OM + TR. 


Now, from the figure, 
п РМ TM-PR 
sin (4*B-557 - СТ 
--ТМ0Т , PR PT 
OT OP PT OP 
= —sin ТОМ cos РОТ+ cos TPR sin РОТ 
= —sin (180° - А) cos (B - 180°) 
+ сов (180? - 4) sin (B — 180°) 
= -sin А (- сов B)-- (- сов A( вір В) 
=sin А cos В+ cos A sin В. 
Again, 


cos (44g) - ON ,OM € RT. OM OT , REPT 
OP OP ОТ ОР PTOP 
= сов TOM cos РОТ + sin TPR sin РОТ 
= сов (180? - А) сов (B. — 180°) 
+ sin (180? — 4) sin (B — 180°) 
=(- сов A)( соз B) +sin А(-віһ В) 
= соз А cos B — sin A sin В. 
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2. Formule for sin (А-В) and cos (А-В) im a more 
general case. ( Generalization of Art. 62) 


Here, ХОЛ measured counter- 
clockwise is 4 and ZOP measured 
clockwise has magnitude В so that 
ХОР measured clockwise is А-В. 
From P, PN and PT are drawn 
perpendiculars on OX and 07 (pro- 
duced in this figure), and from Т, TM 
and ТВ are drawn perpendiculars on 
OX and PN. 

In the presnt figure, magnitudes 
of the acute angles ТОМ and POT are 180°—А and В-180° 
ing that PNOT is в cyolic quadrilateral 
le), ZRPT- И ТОМ“ 160-4 


respectively, and nof 
(Z'N and T being right ang 
jn magnitude. 

in considering sin (А-В) and cos (А-В) 


Now, we see that 
PN and ON are of negative sign. 


from the triangle МОР, 


Hence, 
MT-*PR, 


PN 
sin (A-B)= OP =~ oye 
t МТ, PR, etc. only are considered, 


where the magnitudes о 
MTOT РВ,РТ 
== orTOP РТ ОР 
— — gin TOM cos POT- cos RPT sin POT 
= — gin (180° — 4) cos (B — 180°) 
- cos (180? — 4) sin (B — 180°) 
= —gin А (- сов B) - (— соз 4)(- sin B) 


= gin А cos B- cos А sin В, 
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Similarly, 
cos (А — В)= 54 [where ON is taken with proper sign ] 
_ ВТ-ОМ [where magnitudes only of 
T OP | ЕТ, OMetc. are considered ] 
eee MO 
PT OP OT ОР 


= -sin RPT sin РОТУ сов ТОМ cos POT 
= —sin (180? - 4) sin (B — 180?) 
+ eos (180? — 4) eos (B — 180°) 
= —вїп А (-sin В)+ (- cos 4) - cos B) 
=cos А cos В+ Bin A sin В. 


3. A few particular cases of sin (A+B), cos (A+B), 
Case I In the case A and B are both acute and (А + В) > 90°. 
Construction is same as in Art. 6° 1. Hence, Q, the foot of the 
perpendicular will fall on ХО produced. 
ZTPR=90°- ZTRP= ZTRO- ZROS=ZA. 
' sin (4+ B)- sin ХОР Z 
си QT+ ТР 
“ор” ООРУ 
= 86+ ЕРЛЕР ЖР: D 
“ОР “ОР! ОР 
.RS ОВ ПОРТР 
"OR OP PROP 
=sin А cos В + cos TPR sin В ьа БРА х 
= зіп А cos В+ cos A sin B. Q o 8 


cos (А +В) = cos XOP = - 99 ары а y 
--50-80 05 SQ 08 TR 
s ОР ОР OP OP ОР 
.08.0R TRPR 
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= соз А сов В- sin ТРЕ sin B 
=cos А cos B —sin A sin B. 


Case II. In the case A is obiuse and B i 
(4+ B) < 180°. 5 is acute and 
Construction is same as in Art. 61. 
Here, / TPR=180°- ZRPQ= ZROQ=180°- A. 
sin TPR=sin 4; cos ТРЕ = - сов А. 
РО QT-PT В8-РТ 
sin (4+ B) - sin X0P- 557 бр ОР 


ERSEN RSOR PTPR 


“Ор OP OROP PROP 
=sin А cos B—cos ТРЕ sin B 
=вїп А cos В+ cos А sin В. 


Q [ Magnitude of OQ being 


сов (А + B) = cos ХОР; ОР considered ] 
08:80... 05 _ 89 
мүге 1009 ОР ОР 
OS OR _ TR PR 


= СОБОР PROP 
= сов А cos В- sin ТРВ віп В 
= cos А cos В- вір А sin В. 

Case III. In the case A and B are both obtuse and 


(А- В) is acute. o 
Construction is ваше as in Art. 62. 
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Here, Z TPR = Z ROS=180° - A. 


sin (А = B) =sin POQ 
.PQ PT-RS 
OP OP 
.PT RS PTPR RSOR 
OP OP PROP OROP 
= сов ТРЕ sin POR -sin ROS cos POR 
= cos (180? — 4) sin (180° - В) 
—sin (180? - А) cos (180° — В) 
= -cos А sin B - sin A (- cos B) 
—sin А cos B —cos A sin В. 
cos (4 - В)= cos POQ 
-09_08+80 OS*RT OS, RT 
OP OP OP OP OP 
_ 08.08, RT. PR 
OROP PROP 
= соз ROS.cos POR * sin TPR.sin POR 
= сов (180? - А) сов (180° — В) 
+ sin (180? - А) віп (180? - В) 
= (— соз А)(— cos B)+sin А sin В 
= сов A cos В “ніп A sin В. 


Note. Other particular cases of the aboye four formule can easily be 
Proved exactly in the same way by drawing the corresponding figures in each 
саве and making tie same constructions as in Arts, 61 and 6'2 for (4%В) 
and (4 — B) respectively, 
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Note оп Art. 13°10. 

Let us denote the formule of Arts. 13:2, 13:8, 184 by (1), (ID), 
(ІШ). We have seen in Art. 13°10, that (II) can be deduced from 
(ІШ). We shall now show how any one of these can be deduced 
from any other of the rest. 

To deduce (I) from (IIL. 3), 

Substituting the value of b from the 
Art, 1974 in Ње first, 

а= (с cos А+ а сов О) cos C +c cos B. 


а(1- cos? C) = «(сов А сов C * cos В) 
=c{cos А cos C — cos (44 ОР. 
fides A+B+0=7] 


second relation of 


a sin?0 =c sin A. sin C. 
а с 
жеу р 
вір А ваб, 
Similarly. substituting the yalue о 


we get 


f c in the first relation, 


ра me. шк, 

sin A sin B 
CNN NES En 

sn A віп В sin C 

To deduce (1I) and (тїї) from (D. 

the ratios of Art. 1972 equal to k, we get 

b=k.sin B; c=ksin C. 

in?B-4 віп?0- sin? A) 

13.9 sin B sin С 


_sin®B + sin (G+ A) sin (0 - A) 
9 sin B sin C 


(i) Putting each of 
| a=ksin A; 
са" EG 

9bc 
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«віп В јет В+ sin (0- 4) 
2sin B sin U 
[ 7 sin (С А) ] 
=вїп (л- В) =вш В 
Sin B {зїп (C+ А)+вт (С- 4)) 
2sin B sin С 
„дет B sin О cos А 
2 sin B sin C 


=cos A. 


(i) b сов Оче cos B- (sin В сов C+sin О cos B) 
=ksin(B+C)=k віп А 
=a [7 A+B+Cen] 
To deduce (I) and (III) from (11). 
(i) sin? A =1 - cos24 
ce (= +? ==} 42% — (b3 +c? - а)? 
Ybe 45*с* 
ой 0 бо — са дз) 
4b*c? 
ab b+ c- axo a- Da b - о) 
Ab*c* 


AF 
pig о. 
sintA_ р. 
а?  4g3p3ci 


а : 
Similarly, по В and sin’ 0 


each ipie: + hence etc. 


(ii) Adding 9nd and 8rd relations of the formule of Art, 1373 
we get b? +? eb? +62 рода — 909 cos В- да cos C. 
Now, transposing and dividing by 95, we get 

a=b cos С+с cos В ; ete. 
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[. Tables of Logarithms and Trigonometrical ratios. 


Several mathematical tables соггес up to five places of 
decimals are given atthe end of the book. An explanation 


of Бре table is given below. 


Table I gives the common logarithm of all numbers from 
1 to 10000, i.e., those which consist of 4 digits or less. The 
tabalated quantities are the mantiss@ only, correct to five places, 
with the decimal point dropped. The characteristic is to be 
supplied according to the rule. The main body of the table 
gives logarithms (mantissa part) of numbers of 3 digits, and 
the mean difference table at the side supplies the increment 
in the mantissa due to the fourth digit. This increment is 
written, in order to save Space, giving the significant digits 
only, which are to be supplied with the necessary number 
of zeroes to make up 5 places (here the table being а five-figure 
table). Thus, 00024 will be written аз 24 only jn the difference 
table. As an example, to find log 9:697, we notice from the table 
that the mantissa for log 269 is ‘49975, and along the same тоў, 
the difierence table gives 115 under the heading 7. This means 
that for 7 in the fourth place of the number (i.e., for the number 
2697) the increment in the mantissa will be “00116. Hence, 
log 2697 will have its mantissa “42975 + 700115 = 43090. Again, 
log 2'697 has the game mantissa, but its characteristic is 0. 


Thus, log 9'697 = 043090. 

ves ordinary sines and cosines (usually referred 
to as natural sines and cosines) of all angles from 0° to 90° at 
intervals of 1“, sines being given from the left side of the top 
towards the right and downwards, and cosines being given from 
the right side of the bottom towards the left and upwards. The 
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table is arranged in such а мау that-the sine of any angle given 
is the same as the cosine of exactly the complementary angle, pod 
it is on this arrangement that a single table serves as & sine 
as wellas a cosine table. The main portion of the table gives 
sines or cosines of angles at intervals of 10’, and the difference 
table at the side gives changes in the value of the sine or cosine 
for changes in minutes in the angles. It should be remembered 
that as an angle increases from 0° to 90°, its sine increases from 
0 to 1, whereas its cosine decreases from 1 to 0. Hence, the 
changes given in the difference table are to be added in case of sines 
and subtracted in case of cosines for the increased number of 
minutes in the angles. Moreover, as in Table I, the numbers in 
the difference table are to be made up to five places of decimals 
by supplying the requisite number of zeroes before it. For 
example, using the table, sin 53° 23'="80212 + ‘00052 =`80964 
and cos 29° 42’= 86899 — "00099 ='86863. 

Table III similarly gives natural tangents and cotangents 
of angles from 0° to 90°, obtained at intervals of 1’ with the help 
of the difference table. The quantities in the difference table, 
being made up into five figures, are to be added in case of 
tangents and subtracted in case of cotangents for increased 
number of minutes in the angles. 

Table IV gives logarithmic sines and logarithmic cosines 
of all angles from 0° to 90° at intervals of 1' (with the aid of the 
diflerence table). Logarithmic sino of angle 0, written as L sin 9 
means 10+log sin Ө, and similarly, logarithmic cosine of 6, 
written as L cos Ө means 10--log сов Ө. In taking logarithms 
of trigonometrical ratios of angles, 16 may be noted that sines and 
cosines of angles are numerically less than unity, and tangents 
of angles between 0° and 45? as also cotangents of angles between 
45" and 90? are Jess than unity. Hence, logarithms of these 
quantities are negative, То avoid using negative values in the 
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tables, logarithms of trigonometrical ratios are always tabulated 
after adding 10 to them. Thus, the table gives Г sin 6 and 
L cos 0 (and not log sin 0 and log cos в). 

Table V gives logarithmic tangents (ie, D tan 6=10 + log 


tan 0) and logarithmic cotangents (i.e., Г соб 6 — 10 + log cot 6) of 


all angles from 0° to 90°, obtained at intervals of 1’ with the aid 


of the difference table. 
П. Principle of Proportional Parts. 
Suppose we find from table I the logarithms of the two 


bers 6257 and 6258, and we want to find the logarithm of 
m table ТЕТ, tan 53° 28 and tan 53° 
2 93! 90"; or similarly, from 


num 
695776; or that we find fro 
94’, but we want бо find tan 53 
table ТУ, we get D cos 37° 49 and D cos 37° 49' but we want to 
find Г cos 37° 49! 48”; how are we to proceed ? 

In order to meet such cases, the ‘Principle of 
Parts’ may be used. The principle may be stated as follows : 

If the value of а quantity depending on @ variable quantity 
x be tabulated for different values of x at regular small intervals, 
then in most cases, for а very small change in 2 (which is called 
the argument) the corresponding small change in the tabulated 
quantity (called the function of the argument) is proportional 


to the change n €. 
We shall assume the truth of this principle ; for а strict 
restriction under which it is true, 


$ with the proper 
use of Calculus. For the tables with which we 


$ is true for all practical purposes. 
he principle is illustrated in the following 


Proportional 


proof of i 
depends on the 
are concerned, i 

The application oft 
examples : 

III. [llustrative Examples. 

Ex. 1. Given log 63374 = 48019111 and log 63375 = 4:8019180, 
Jind log 638748 and find the number whose logarithm із 98019136. 
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Here log 63375 = 48019180 
and log 63374 —4'8019111. 
Hence, for an increase of 1 in the number, the increment in 


the logarithm is '0000069. (This is usually spoken ав ‘diff. for 1 
is 69'. ) 

Therefore, by the Principle of Proportional Parts, increase in 
the logarithm for an increase of "3 in the number is 

18 x "0000069 = 00000207 = "0000091, up to seven places. 

Hence, log 63374'3 = 4°8019111 + 0000021 

і У —4'8019132. 
log 633743 = 1'8019139. 

Again, 48019136 lies between 48019111 2nd 4'8019180, the 
difference from the former being "0000025. Hence, 48019136 
is the logarithm of a number lying between 63374 and 63375, вау 
logarithm of 63374 + z, 


Then, diff. for 1 being 69 (i.e., 0000069) ana diff. for т being 
25, (ќе, 0000025), by the Principle of Proportional Parts, 
we have 

69:25::1: or, = B= 30: 

Hence, log 63374:86--. = 48019136. 


The required number whose logarithm is 28019136, having 
the same mantissa, must be formed of the same digits arranged 
in the same order, and its characteristic being - 2, the number 


must be '06337436--- 
Ex. 2. (i) Given L sin 37° 43! 50”=9'7867152 


‚ Dsin 37° 44' | «971867494, 
find L sin 319 43! 56", 


APPENDIX ла 


(ві) Given L tan 79° 51' 40" — 107415657 
L tan 79° 51" 50" — 107476872, 
find the angle whose I tan is 10 7476532. 
[ C. U. 1921 
Та (i) diff. (in the value of L sin) for 10" (diff. in angle) 
— 979 (i.e., 0000272) 
hence, diff. for б'є 15 x 2727 1632, 20. 00001632 
and so L sin 37^ 43 56297867152 *0000163 
= 97867815. 


In (ii) the angle whose D tan is 10°7476532 evidently lies 


between 79° 51’ 40” and 79° 51! 50". 
Let the angle be 79° 51" 40" +2". 
Now, diff. (in the value of D tan) f 

— 1915 (ќе. 10001915) 


or 10" (diff. in apgle) 


and diff. for z' 875 
(5.в., 10000875, being 107476532 — 107475657). 


т. 815. =7°2 nearly. 
216 97 2 


uired angle is 79° 51 ат". 


Thus, the red 
1' = 6257191 and diff. for 1! 9414 


Ex. 3. Given COS 58° 1 


find cos 58° 17 20". 
"ге, 60 = 9474, 


айт. for 20" = 39 x 9474 = 825 (nearly). 


As for increasing angle. 
cos 58° 17 20!- 5957191 — 10000825 


—'59256366. s 


. cosine diminishes, 


LI 


TABLE I 
LOGARITHMS ОЕ NUMBER 


45617 8 9 


170 212 254|297 339 381 
162 202 242|283 323 364 
154 193 232|270 309 
148 185 222|259 296 
142 177 213|248 284 
136 170 204|238 272 
12057 | 12385 | 12710 131 164 197|229 262 
126 158 190| 221 253 
15229 | 15534 | 15836 122 152 183 | 213 244 
FNE 17026 118 147 177 | 206 236 
18184 | 18469 | 18752 114 142 171| 199 228 
19866 165 | 193 221 
20951 160 |187 214 
— Ена 22272 | 22531 130 156| 182 208 
23553 | 23805 |24055 176 201 
25042 171 196 
26007 | 26245 [26482 24. 167 190 
27416 69 162 185 
135 
29667 132 
30535 | 30759 | 30963 | 31175 | 3138; 31806 85 106 127 
32634 | 32838 | 33041 | 33244 81 101 121 
34635 | 34830] 35025 | 35218 
36549 | 36736 | 36922 | 37107 
38382 | 38561 | 38739 | 38917 
39794 | 39967 | 40140] 40312 | 40483 
41497 | 41664 | 41830| 41996 | 42160 
43457 | 43616 43775 


Йер 
4653 
48001 | 48144] 48287 
49415 
50786 
51851 | 51983 | 52114 | 52244 | 52375 
53148 | 53275 | 53403 | 53529 | 53656 
54407 | 54531 | 54654 55023 | 55145 88 
55630| 55751 | 55871 56229 30585 
57054 | 57171 | $7287 | 57403 57749 
58206 | 58320 58433 | 58546 5888. 
$9106} 59218 59329 | $9439 | 59550 | 59060 p 50988 
60206 | бозга | 60423 | 60531 | бо638 | 60746 61066 
61278] 61384 61499 | 61¢95| 61700 61805 | 61 62118 
62325 | 62428 | 62531 | 63634 62737 | 62839 63144 
61347 |93448 | 63548 | 63649 | 63749 | 63849 64147 
64345] 64444 164542 | 64640 64738 | 64836 65128 
6532165418 | 65514 | 65610 65706 | 65801 
66276 | 66370 | 66464 БАН 66652 Cone боз. 
67210167302 | 67194 | 67486 67578 | 67669 67943 
68124 ru 68305 | 68395 | 68485 | 68574 | 6866. 68842 
$9020] 69198 | 69197 | 69285 69373 |69461 69723 


28330 | 28556 28780 


II LOGARITHMS OF NUMBERS TABLE I | 


456 


17 26| 34 43 52| бо 69 77| 
17 25| 34 42 50 59 67 76 
17 25| 33 42 50158 66 751 
16 24| 32 41 49 й 
16 24|32 40 48|56 64 72| 
16 23|31 39 47| 55 63 70 
15 23| 31 39 46| 54 62 69 
15 23| 30 38 45 | 53 бо 68 
15 22|30 37 44 52 59 67 
15 22|29 37 44|51 58 66 


14 22|29 36 43| 50 58 65 
14 21|28 36 43| 50 57 64 
14 21| 28 35 41 48 55 62 
14 20|27 34 41 48 54 61 
13 20| 27 34 40| 47 54 бо 
13 20| 26 33 49| 46 53 59 
13 20| 26 33 39| 46 52 59 
13 19| 26 32 38| 45 51 58 
13 19| 25 32 38/44 59 57 
12 19|25 31 37 | 43 50 56 
та 1925 31 37| 43 59 56 
12 18| 24 31 37 | 43 49 55 
та 18| 24 30 36| 42 48 54 


во | 69897 | 69984 | 70070 | 20157 | 70243 | 70329 | 70415 | 70501 70586 | 70672 
51 | 70757 | 70842 | 70927 | 71012 | 71096 71181 | 71265 | 71349 | 71433 | 71517 
B2 | 71600] 71684 | 71767 | 71859 | 71933 |72016 |72099 72181 | 72263 | 72346 
63 | 72428 | 72509 | 72591 | 72673 | 72754 72835 | 72916 [72997473078 |73159 
64 173239 | 73320 73409 | 73480 | 73560 | 73640 | 73719 73799 |73878 | 73957 
ББ | 74036| 74115 | 74194 |74273 |74351 | 74429 | 74597 74586 | 74663 | 74741 
56 |74510 |74896 |74974 |75051)75128|75205 75282|75358|75435|75511 
87 | 255% |75664 75740 | 75815 75801 75967 | 76042 | 76118 | 76193 | 76268 
58 | 76343 | 76418 | 76492 | 76567 |76641 26716 | 76790 |76864 | 76938 | 77012 
60 | 77035 [77159 | 77232 |77305 | 77379 | 77452 | 77525 77597 |7 


7 Вооо, 2 

122215 30686 | 80754 | 80821 | 80889 80956 | 81023} 81090 81158|81224 
81823 | 81889. 

81954 | 82020 | 82086 | 82151 82217 |82282 | 82347 |82413 82478 

| 82607 |82672 | 82737 |82802: 82866 | 82930 |82995 |53059 83123 

83251 |83315 83378 |83442 | 83506 | 83569 83632 | 83696. 579 53822 


9 

8 

8 

8 

8 

8 

8 

8 

7 

7 

7 

7 

7 

7 

7 

7 

7 

6 

6 

6 

то | 84510 | 84572| 84634 | 84606 | 84757 |84819 | 4680 84942 85003 | 85055] 6 

71 845% а 85236 85309 | 85370 | 85431 | 85491 85552 | 85612 85673 3 

22 | 85733 |85704 | 85854 |85914 | 85974 | 88034 86004 86153 80213 | 0823 |6 
78 | 86332 86392 | 86451 |80510 86570 | 86629 | 86688 86747 | 86806 64 B 243 ла 

| 86923 |86982 | 87040 87099 [87157 87216 | 87274 | 87332 87390 | 87445| 6 12 17 3 29 35 

37 соб | 87564 | 87622 | 87679 | 87737 87795 | 87852 | 87910 87967 6 

Hr E 

77 |88649 |88705 | 88762 n 74 $ 

6| 89442 | 89487 | 89542 | 89597 | 89653 | 89708 

89321 | 89376 | 89432 | 89487 | 895 Бан кегі 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5 

4 

4 

4 


11 16|22 27 32|38 43 49 
11 16|21 27 32/37 42 48 
11 16| 21 27 32|37 42 48 
то 16|21 26 31| 36 42 47 
10 15|20 26 31|36 41 46 
10 15|20 26 31|36 41 46 
10 15| 20 25 30/35 40 45 
то 15| 20 25 30| 35 40 45 
10 15| 20 25 29| 34 39 44 
то 15| 19 24 29|34 39 44 


10 14| 19 24 29| 34 38 43 
9 14| 19 24 28| 33 38 42 
9 14| 19 24 28| 33 38 42 
9 14| 18 23 28| 32 38 42 
9 14| 18 23 28| 32 37 42 


9 14| 18 23 27 | 32 36 41 
9 14| 18 23 27 | 32 36 41 
9 13| 18 22 27| 31 36 40 
9 13| 18 22 26| 31 35 40 
31 35 39 


| 26 | 90580 | 90634 | 90687 | 90741 | 9079, 
80 | 90309 m 90417 |90472 EE 5% 18 жо ші E 
82 | 91381 | 91434 | 91487 9145 159337169) 94231 245; 23 e 22522 
| 9 Ё ü 92840 | 92891 


3146 | 93197 |93247 93298 | 93349 | 93399 


966 
96379 (96426 98473196555 52256 | 9708! (97148 97474 |57522 97267 
ва | 96848] 26895 |9594: Hi 97543 97589] 97635 | 97681 |97727 
18: 
es | 773 (0781897864 97909] 97955 19665; Ed edd pe 
Фе | 98227 69727210818 98363 984 453 КА ч H 
97 | 98677 | 98722 | 98767 | 9587! 98856 | 98900 | 98945 | 9) 99034 9907! 
98 B 12 167 | 99211 | 99255 29300 | 99344 | 99388 | 99432 | 9947 99520 
бо | 30563 | 99607 [99651 | 99695199739, 99782 | 9826 | 99870 | 99913 | 99957 


IH 
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TRIGO 


175 615 ZGT 
875 TOS COL 
026 боб 761 
146 865 961 
040 705 9бТ 


$96 955 161. 
395 956 861 
997 106 661 
196 985 006 
896 655 105 


800 085 100 
696 085 605 
096 166 606 
196 666 606 
196 GES 606 


196 096 COG 
196 666 607 
590. 885 706 
595 866 705 
296 685 705 


ib 


тот ASE OTI 58 99 19) OL y 60596. 
99T вет OIT ед 99 851 „ТА | 29958. 
99т GST ттт ве 99 85 | «СИ | 50508. 
LOT OPI ЕТЕ 78 99 85 | „бА | 48665. 


65558. 
58558. 
35908. 
62686. 


891 071 SIT 76 99 85 | -PA | 79926,0 78525.0 


691 ТУТ CIT 98 99 85 28800. 
OLT ТУТ SII 98 49 8C 56172. 
OLI SPI FIL 98 19.88 96755. 
ILT СРЕ FIT 98 29 65 16/05. 
GLT FFT ОТТ 98 14.67 4 


ЗАТ PPE ЧИ 98 LY 65 59621. 
ELT FFL SIT 98 89 66 79ST 
ЗАТ GPT YIT 48 09 65 11651. 
PLL GPL ОТТ 18 89 65 L8IGT. 


10996. 
01666. 
51666. 
20506. 


T80GT.0 <6/8Т.0 


81011. 
9969т. 
6598т. 
868TT. 


PLE SPI OTT 48 69 66 90707.9 F9TOT.O 


PLT OFT 911 18 89 65 91480. 
511 qvi 911 18 89 66 9690. 
GLZ CPT 911 48 89 66 75590. 
с/т CPT ӨТТ 18 89 65 06780. 


95780. 
98990. 
$7670. 
66160. 


GAI ОРІ 9II 18:89 66 37410.0 7310.0 


9 9 ABBA 
вооподощла UEN 


15985. 
86615. 
555065. 
6028T.0 


56191. 
6909T. 
194336 
609тт. 
1860.0 


9650. 
96890. 
$970. 
80600. 
%9110.0 
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18858, 
08216. 
14008. 
50785. 
70190.0 


80025. 
37855. 
77916. 
26667. 
7658Т.0 


сосот. 
184?Т. 
8908т. 
066ТТ. 
58460,0 


97820. 
30т90. 
59670. 
81900. 
81800.0 


50188. 
торт. 
86165. 
$56185. 
[3221410 


998175. 
59085. 
09816. 
$896T. 
16641.0 


81597. 
56ӮӮТ. 
FILET. 
16071. 
£6860.9 


99910. 
71890. 
TLOFO. 
16670. 
©8900.0 


169808. 
81118. 
91860. 
87820. 
€9196.0 


252170 
82465. 
91016. 
99961. 
TS9LT.0 


теват. 
SOFT. 
9171. 
57/0Т. 
20060.0 


995210. 
10990. 
18160. 


` 98069. 


15%00.0 


10552. 
50506. 
15666. 
79920. 
8892.0 


56770. 
96755. 
16106. 
78067. 
9821.0 


57997. 
27687. 
18161. 
ESPOT. 
911480.0 


91690. 
T6690. 
06750. 
орто. 
0000.6 


} 


[ TABLE II 


NATURAL SINES AND COSINES 


| 181 001 OPT FET TOT 
06% GIT GPE LOT JOT 
661 GAT 091 GBT LOT 
96T FLI 891 TBE GOT 
| CGT LAT 991 581 TIT 


505 ÖLT 101 98% GIT 
906 %8Т 601 197 PIT 
906 GGT бот 087 OTT 
716 197 РОТ OFT LIT 
818 (61 MT EPT GIT 


| 916 ZGT 89T FPL OGT 
616 FGL OLT 971 BET 
156 961 SLT 221. GBT 
800 SSL VAT GFL PZT 
956 006 GLT OST 961 


855 006 LLE SIL LOT 
085 705 GLE FIT SOT 
| 086 905 ТВТ 907 65% 
|785 805 сет 907 ORT 
| 986 016 РОТ 291 TOT 


885 BTG 98Т GIT GET 
075 PIG LOT 09Т FET 
575 976 881 TOT QST 
775 116 OGT сот JST 


975 819 тот PIT LET GOT 58 99 16 
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TABLE 11] 


еті 00: 88 4) $9 0988 95 ет | «46 | T6206. 10006. 88606. 69505. 69106. 10006. 
LIT FOL 16 8) 99 ZG 68 96 ет | „92 | 61868. 69168. 85968. 86768. 489668. ©6668. 
тет 801 #6 IS LO фе OF L ет | 2/0 | 10168. 89688. 98888. 10288. 99988, 18788. 
сот Ill 16 88 69 99 бр 85 vl | „85 | 66588. 86188. 00098. 68819. 572/8. 50918. 
бот PIT 007 99 BL LG 67 6% УТ | ,60 | 59748.0 10818.0 82119.0 98028.0 56898.0  87198.0 80998.0 


667 dIT 601 68 FL 69 РР 06 ST 50998. 16798. 01598. $9168. 91098. 99898. 41/98. 
LET бет 901 16 9A 19 9? 06 ST 11148. 19998. 91798. $9588. 61168. 69678. 90858. 
ІРІ дот ОТТІ 76 8) 69 А7 Т6 OT 90878. 08978. 96778. 66678. 58128. 96078. 198582. 
PPT 861 GIL 96 08 79 Ву 06 OT 19868. 80168. 07968. 68568. 80068. 99088. F068. 


SPI GET STIT 66 58 99 67 66 91 70658.0 17258.0 11958.0 81758.0 87558.0 8078.0 


ST6I8.0 
бот сет SIT TOT 99 89 19 73 LT 61618. 87/18. 08918. 51718. 27518. 51018. 60608. 
991 SGT TZI РОТ 28 69 69 98 LT 50608. 06108. 89909. 98609. 51508. 88008: $79864. 
бот ZPE УСТ 901 68 TA 89 98 ет 79964. 88962. 0196). 9666/. 89161. 08681. 10882. 
GOL SFT LET GOT 16 GL $9 96 SI 10887. 56981.  БРРВ/. 19584. 61081. 168.  QILLL. 
LOL BFL ORT ТЕТ 86 PL 99 LE 61 GULLL.O 18911.0 APELLO 591/440 11691.0 161910 7099/.0 
OLT тат бот GTT 96 91 19 89 OT 7099». 21%9/. 65694. 17090. 19994. 19994. TAPAL. 
ЗАТ уст 961 ITT 96 LL 89 68 6I 11731. 08591. 58000. 96871. 8017). 6007). ФТЕРІ. 
ni 8L 69 66 06 УТУ. 05172. $5684, 86181. 16984. 66067. 98184. 
OST 291 OPF OGT OOI 08 09 OF OG 9616). 6662. 16161. 1606). 

VST 


4 1885. 98164. FEGTL. 
BOL GPT ҮбІ GOL 68 I9 ТР O6 7561.0 55414.0 6591.0 46612.0 TZITL.O 9160.0 TILOL.0 


9 лт 
ваопододіа u'vopr 
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[ TABLE П 


NATURAL SINES AND COSINES 


УТ 


от 
9r 
T6 


95 
08 
76 
6g 
$7 


87 
бе 
19 


719 


99 


Ob 
$4 
6L 
$8 
38 


56 
96 


от 
УТ 
от 
55 
95 
05 
76 
98 


5? 
9j. 
09 
79 
89 


69 
99 
OL 
т 
81 


18 
48 


O01 68 
TOI 66: I8 
вот 96 78 


6 
ет 
9t 


06 
$6 
15 
08 
38 


16 
те 
т? 
Ly 
19 


та 
84 
19 
79 
89 


Th 
GL 
8. 


8 
т 
УТ 


л 
05 
£6 
96 
66 


06 
98 
86 


т? 


Ly 
09 


99 
94 


19 
79 
19 
OL 
[27 


1 
6 
от 


YI 
Lt 


6T 


76 


15 
65 


2 


78 
98 


68 
Т? 


ПА 


9? 96 66 GI 
87 98 76 GT 
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00000. 00000-7 
98666. 61666. 
69660. 66666. 
59866. 27866. 
9с166.0 986166.0 


61906. 6866. 
09766. 15756. 
$9566. 61666. 
15066. 98096. 
69186.0 861486.0 


18786. 08786. 
89186. 20186. 
91826. P9LL6. 
18716. — 1816, 
08046.0 69690.0 


86996. 11296. 
95196. 97096. 
05996. 97286. 
90196. 91086. 
59976.0 6776.0 


69680. 69866. 
3966. — 96266. 
7/56. 60906. 
05076. 96616. 
99816.0 92676.0 


86666. 
81666. 
11666. 
16366. 
7466.0 


19266. 
06566. 
58165. 
77086. 
91986.0 


81986. 
08086. 
56916. 
10616. 
48896.0 


07796. 
19666. 
68786. 
76676. 
т9876.0 


69166. 
97186. 
66756. 
$5816. 
91116.0 


96666. $6666. 
99666. 80666. 
40666. 06866. 
$1866. 96/66. 
56966.0 89966-0 


07966. 11966. 
19666. 75566. 
77166. 90166. 
50636. 60886. 
65986.0 08986.0 


95886. 6,086. 
56616. 796106. 
08916. 99916. 
18546. 69116. 
91896.0 57296.0 


89696. 68596. 
58696. 66196. 
01646. 78556. 
55876. 07/76. 
79576.0 9176.0 


19986. ©9056. 
57086. ©6666. 
85666. 91966. 
90/16. 06916. 
96606.0 9806.0 


68666. 
67666. 
81866. 
91166. 
77966.0 


58766. 
06566. 
19066. 
71886. 
18<86.0 


81586. 
91816, 
50946. 
00116. 
19990.0 


90096. 
91166. 
56146. 
97976. 
89076.0 


59786, 
15866. 
79166. 
01716. 
6906.0 


18786.0 


59186, 
$1826. 
18746. 
08016. 
56996.0 


90196. 
06996. 
90166. 
59976. 
69686.0 


89666. 
81166. 
09006. 
99516. 
те906.0 


уп 


TRIGONOMETRY 


266 696 655 961 ТОТ 
165 696 925 TOI GOT 
885 996 тоб GET 09Т 
час 546 106 OGL 8ST 
086 096 616 981 LGT 


846 SFG LTS 98T GST 
LLG 976 916 сет PET 
GLG 776 FIG 881 SST 
BLG бро 616 GST BST 
М6 То TIO TST ТСТ 


бує 606 606 GLT OST 
196 586 806 SAT 671 
995 166 106 SLT ВРТ 
996 966 906 OLT LvI 
996 906 906 9/1. LPE 


895 755 705 411 971. 
895 785 TOO ALT, ӨРТ 
696 660 700 GLT OFT 
| £96 866 FOG GLT OFT 
595 865 705 GLT 97Т 


6 8 э 9 


TET 86 
601 L6 
851 96 
ост 96 


сот 76 


FEL 66 
$61 56 
сет 06 
Tat 16 
OTT 00 


051 06 
err 68 
STI 68 
SII 88 
ӨТІ 88 


LTT 88 
LTI 88 
ӨТТ 18 
ӨТТ 18 
ӨТТ 18 


"8 


вәэцеләри(т ите 


99 
од 
79 
89 
$9 


88 
(43 
58 


б 


TE 


16699. 99098. 072168. 
$8778. 80178. 68/66. 
66708. LICE. 09816. 
8,008. 39508. 86066. 
249837.0 09585.0 97055-0 


96196. 85795. 02196. 
88675. 765975. 91875. 
18086. 86б. 91760. 
99515. 59605. 87900. 
8676Т.0 98161.0 9888Т.0 


GEILT. ESELI. 885027. 
86891. 07391. 87551. 
7907т. 89281. T9FST. 
84561. 88611. 889ТТ. 
01401.0 9Т001.0 $5660.0 


67180 940780. 89180. 
86690. 00490. 80790. 
17690. 67670. 89970, 
56760. 10580. 01680. 
9110.0 94%10.0 T9710.0 


SLNSDONVI "IVHOLVN 
III ятаух 


617028. 98088. 
09788: 
08813. 
15966. 
BELLE.O 6172.0 


59895. 59025, 
80075, 00165. 
69180: PITE, 
97605. 67006. 
7681.0 86681.0 


f819r. 98797. 
СУбУТ,  STOPI. 
GITET. — 69861. 
убетт, 660ТТ. 
66960.0 98660:0 


01810. 82920. 
91190. #5880, 
99670. 94070. 
61050. 80600: 
$1800.0 58900.0 


89178. 
71808. 
T6808. 
06685. 
10146-0 


152512 
66865. 
09616. 
07161. 
€£6LT 


18791. 
18571. 
721661. 
©0807. 
57060-0- 


98510. 
$9960. 
58/60. 
55060. 
15000.0 


68776. | :61 
66728. 
82206. 
91986. 


аа 
81661. 
OTSOT. 
67480.0 


86690. 
17560. 
56750. 
9PA4TOc 
00000-0 


NATURAL TANGENTS AND COTANGENTS [ TABLE III 


919 №97 00% 676 985 
967 CPP LBE BSG LLG 


| 58? бор 9/6 тов 895 
‘L97 91? 698 TIG 095 


$97 007 596 COS 698 


OFF 166 hE 665 сто 
80? 088 868 985 896 
9ТР 016 758 LLG 185 
GOP 098 GIG 0/6 406 
968 196 108 695 000 


988 578 008 LGG FIG 
918 788 565 140 605 
898 68 986 975 906 
098 058 085 076 005 
$98 STS PLG 985 96Т 


975 108 695 085 56Т 


| 658 GOS 795 955 68Т 


666 966 696 555 СӨТ 
Lo8 16б 7<6 SIS 981 
108 986 096 716 GAT 


91€ 186 970 TIG 9/1 
TIS LLG GPG 805 SLT 


| 908 8167660 905. OLT 


506 695 966 505 БОТ 


855 
106 


ол 
99T 


VIG ТӨТ LOT 73 


805 9ST 


105 


96T 
067. 
981 
Ost 
өл 


TLT 
LOT 
TOT 
oot 
ат 


тат 
тат 
ВРЕ 
SPT 
Set 


OPT 
вот 
9st 
тет 
SET 


TST 


171 86 
ЕРТ 96 
GET 56 
сот 06 
ZST 88 


951 
96Т 
661 
OGL 
SIT 


98 
78 
58 
08 
8h 


атт 
Sit 
Tit 
60T 
LOT 


LL 
Gh 
ті 
ед 
Th 


чот 
TOT 69 
501. 89 
TOT 49 
007 99 


OL 


тот 60 
тот 02) 


6? 
8? 
9? 
97 
УР 


37 
5? 
Т? 
0? 
66 


88 
86 
18 
98 
98 


28 
38 
78 
78 
55 


SLNSDNVIOO "IVHÜLVN 


00000.T 
69996. 
69566. 
07006. 
65698.0 


01688. 
826087 
651824 
6669). 
9496.0 


15004. 
19729. 
T7679. 
18759. 
98009.0 


95766. 
80096. 
60256. 
31868. 
61798.0 


87886. 
18786. 
02106. 
56688. 
51698.0 


50608. 
95008. 
96114. 
LyvyA. 
6914.0 


19169. 
80999. 
ВТ. 
T8919. 
1658.0 


59699. 
$2979. 
10769. 
90009. 
98087.0 


?сбар. 
80867. 
89/77. 
15168. 
0545.0 


81768. 
86708. 
19914. 
0067. 
TIZSL.0 


89969. 
85019. 
80479. 
$8059. 
1696,0 


87819. 
19099. 
88169. 
28808. 
TIYGT.O 


98119. 
18799. 
TTSS. 
89609. 
$L/85.0 


18997. 
50677. 
ұлда 
$0707; 
9888.0 


11097. 
GLIPP. 
SOTSP. 
39007. 
$3088.0 


0286. 
96876. 
86916. 
81788. 
8078.0 


78768. 
77961. 
88191. 
96681. 
668т1.0 


86189. 
68199. 
10169. 
08019: 


00116. 88116. 
37876. 46166. 
66016. 69906. 
6406,8.  ТРРІ8. 
90678.0 10%78.0 
97618. TOTIS. 
02062. 8048). 
5109). 91882. 
27582. OOTEL: 
16801.0 95702.0 
T0989. 91819. 
11199. 99699. 
66089. 06809. 
18809. 68709. 
81489.0  Рот84.0 
76199. 61894.. 
05689, 97989. 
88914. 00619. 
96767. етот. 
Т?847.0 98697.0 
66097. 01677. 
98187; Т6107. 
1801. ТЕЛОТ. 
99068. TOLSE. 
19016.0 5198.9 
——ÁÁ—á БАШ 


69296. 
58056. 
07006. 
66698. 
0т688.6 


81608. 
66184. 
94692. 
T9964. 
15004.0 


197/9. 
17679. 
18759. 
98009. 
9819.0 


16799. 
Leg. 
$9609. 
81187. 
18997.0 


80477. 
ІРРОР. 
80707. 
98888. 
L6898.0 


TRIGONOMETRY 


TABLE Ш] 


ЭУРТ.5 8851.6 68011,6 9960.5 6080.5 9690.5 8020.8 
8000.5 8980.5 7050.5 4900.6 0166.1 8916.0 9596.1. 
9698.1 08?6-Т 1766.71 0156.1 %106.І 0768.71 2088.7. 
1088.7 9/98.Т 9798.Т  8IyC.i Т058.1 8918.1 0708. 
| 0708.т 216/.Т 96AL.I 9191. 9491.7 LEPLI —T66L.I 


A IFT 95Т OTL 26 6L 69 LF 16 OT 
| ес LIL БОТ 88 8) 89 vy 65 QT 
| ZGT 60196 08 89 та ТР L6 $T 
| СЕТ СОТ 68 LL 79 18 88 95 SI 
96 78 SL 09 87 98 76 BT 


806 OGL 119 GIG YOP 656 955 SIT 
696 598.97, 689 869 957 058 STG LOT 
106 908 401 709 709 SOF 008 105 TOT 
098 79 699 819 9L» 058 185 T6I.96 
918 954 769 РРО 697 696 815 TST 16 


20061. LFOGL. 10604. 92169. 87989. 06249. 80799. 
85709. 18399. 09579. 08799. 65100. %1019. 66009. 
58009. 50069. 156/9. 99694. 31673. 18689. 
18660. 01069. 57059. $8109. 06167. 99587. 
99587.Т О88/У.Т ТЕРОР.Т 1049.1 S969PT.I 20/07.Т GISUP.I 


01827, ТебтР. 19019. 96107. 990060. T8790. 88918. 
88922. 00898. 89006.  tvICG. 60676. 11966. FOLES. 
70268. FOGIS. QTIIG. 60008. 17965. 79/85.  Р66/6. 
76646; 08546. 12906. LEAT 69675. 127%%. (06760. 
06785.Т 89160.1 8055.1 01816.І 06605. 58002.1 9/16Т.Т 


069 809 „То ТӨР? 976 696 SLT 98 
О? 899 9/9 86$ ТІР 656 /96 %91 60 
LOL 869 679 ТІ? COS FIG 985 LIT BL 
9/9 109 969 Теў 9/6 008 955 097 0 
479 9/9 809 TEP 096 885 915 FFT OL 


9LI6T. PLISI. LLLLT. BOLT.  GOGOT. стат. 26007. 
1809Т. 896РІ. 76991. 6506т. 608001. STLTT. 19011. 
19011. ТЕРОТ. 02260. 18160. 96730. 79810. 76010. 
18210- 81990. 978690. 01900. 99450. 80170. 8990. 
ESSEC T 29650,т 90650.т T9LIO.I OLTIO.I 88900.1 00000.T 


549 GBF ВТУ GPB 9/6 LOG 861 69 
969 089 897 166 568 995 GBT 661 99 
| 829 OTG 9?? 588 618 226 TOI LGI fA 
599 Тб? 057 998 LOS 975 PST 801 19 
869 FLP PIP 999 965 186 SLT SII 69 


8 1 9,9 


вдополәп(т UTI 


NATURAL TANGENTS AND COTANGENTS [ TABLI 


ot 


cos- 878 988ЛІЛ 699.91 0690.00 1094:89 0065.19 
0065.12  6501.6Р 1796457 4887.86 8198.78 910.10 8969.95 
5969.85 9167.96 8179.75 8606.56 FOLF.1 9605.05 1160.61 
ТІ80.6І 0910,81 6691.17 6676.91 8РО9.ОТ 2706.77 2008-75 
1008.ЎТ 1951.61 696Т.6Т 090),51 (026.01 0958.11 108721 


ТОбУ.ТТ %640.11 611207 7980.0Т 0810.0Т 0682.6 7719.6 
7719.6 8995.6 8600.6 692,3 9999.8 0978.8 6??І.8 
$771.68 0836.5 ТОМ.» 6860, 16%7. 1895. ОТТ, 
т.р 6896.9 6958.9 5169.9 9099.9 9767.9 | 8816.9 
8815.9 0107.9 7780.9 84160,4 8018.2 769.9 8149.9 


"€ Ка poprarp 4.1676 o1 [enbo 
Kpruou Клод 81 ,2— (уб Jo 9498093 943 20 
5 jo ојдив [ваз в jo 34084309 ә, 


‘parega од youuro ќеца qwq} 08 9294. 
K[pide Азол одивцо вәопәләдїр очі, 


884 TOL 619 959 887 006 895 SLT 88 
699 999 010 687 898 666 056 OVI SL 
899 16? обр ELG ITG 875 дат FEIL 29 
ТӨР LOP PLG 058 LIG PLG OST LOT 64 
817 TLS 966 846 086 GET GET 86 97 


6119.17 7919.9 9787.9 9966.3 6608.9 1556.9 97779 
ӘРРІ.0 8990.9 7686.7 0916.7 0678.7 6507 970 
9701.» 5869.7 9610.» 1019.7 %60%?.Р 688.7 SISE? 
91687 [715.7 6616.7 6991.7 Обл. 11907 6010.% 
8010.7 198.8 9516.6 1998.5 8008.86 095.8 1581.6 


158.68 1689:8 0179.6 6509.8 9999.8 1959.8 FLOPS 
7187.8 9677.6 7517.5 633.3 5078.8 0908.0 6015.8 
6015.5 1160.8 1705.8 OTLT-G 1681.6 9801.6 2110.8 
LLLO.8 9170.8 8110.8 1886.5 0096.5 61665 5705.6 
5706.56 0218.5 5098.5 6858.5 08615 95166 91715 


998 906 086 PPG 706 891 бот 18 1% 
968 680 800 916 ТВТ FIL ВОТ BL 98 
060 995 405 961 ТЭТ 691 16 79 58 
095 TEG 200 PLT QPI SIT 18 89 65 
985 600 EBT LIT IST FOL BL LS 96 


819 OSI 90: HT. Oll G6 9L LP То 
70607 ҰАТ GST OSI GOL 18 69 ЕУ 00 
бит (69168: GIL 007 ОЗ 09 OF 05 
GOT ӨЗІ 801 OIT 66 6 S9 16 81 
UST 981 BIT 10158 99 19 б LT 


9191.6 8061.6 98695 9719.5 11995 6159.6 1909.0 
1909.6 9583.5 9099.5 9882.6 Бито 0967.5 1917.0 
1917.60 997.5 67675 БЕТУ.б 97686 00/80 65066 
6335.5 6998.6 38185 6665.5 1188.6 1895.6 0975.0 
0975.5 9866.5 61160 8761.6 9/441.6 6091.6 SPYLE 


TRIGONOMETRY 


90759. 98059. 90169. 09658. 16619. 69015. PALTA, 
79518. 96809. 86009. 87109. 89567. 98667. 86687. 
86687.  1098Р.  ЄТОВР. $71847. TIPLE. 90017. %6897. 
76497. 82197. 89/97. 76847. 90677. | СІРРР.  РБОРР. 
75077.6 16957.6 ЄРТЄР.б 0690%.6 06007.6 8911?7.6 00817.6 


168 985 096 FIG бит EPT LOT TL 96 
OFS 008 795 LOS GST IST SII 9h 86 
196 тое 180 176 106 09Т OGT OS OF 
788 TPS 666 996 61б ТАТ: 861 98 67 
01? 796 616 GLG 866 SBT LET 16 97 


00817. 96807. 97807. 09868. 69868. T4888. 
99686. 89816. T7816. 61896. 68596. 59108. 
60606. 89956. 00178. PECES. 09658. 8605. 88118. 
88118. 68116. 08008. 99663. 07865. 0/85. 09085, 
09086.6 307/5.6 68195.6 89090.6 9/6%0.6 [1975.6 19665-6 


OP T68 076 866 РРО GET LIT 86 6? 
ELP Тор 896 916 696 OIG 8ST ФОТ 69 
$19 997 606 578 986 806 ТАТ PIT 19 
699 LGP 967 SLE OTS 876 OST TOI 69 
819 979 LLP 607 ТРЕ 546 TOO 961 89 


089 709 669 бор 848 008 LEG TST 9) 
T9L 9/9 669 LOG 857 866 795 69T 98 
798 894 GLO 948 087 786 886 ZGT 96 


19685.6 77565.6 60955.6 19/15.6 66605.6 60000.6 ЄЄ?6Т:6 
БЕРОТ.6 86981.6 LOSLT.G 01691.6 9ТТ9Т.б 9769Т.6 9967Т.6 
9971.6 LPFET.6 GIGGI.6 OLSIT.6 66801.6 90960.6 68980.6 
6880.6 879/0.6 1890.6 98890.6 59570.6 GOTE0.6 8610.6 
56610.6 70200.6 09766.8 19186.8 95896.8 0986.8 08076:8 


08076.8 19956.83 OFOTG.S $9768.8 658/8.8 80108.8 80078.8 
80678-8 51908.86 98908.8 89981.8 1970/.8 9662.8 08914.98 
0881.8 : 00769.8 6999.8 89669.8 €4609.8 249/16.8 5858.8 
080%9.8 70%0%.8 99897.8 66217.86 81998.8 6/908.8 98175,8. 
9875.8 89091.8 8990.8 %80?6.) GLP9L.L 61607.) | со 


"E1697. +V Boy = (2—06) оо Вој 
10 (2 ців Яор samou w jo sejguv 
(Окт зод әдіѕѕойшт st поруврадюд 
3943 одоц Á[pidv1 os Liva Soouo19JI(T 


do ЖЕД ЕЕ ца 
seouologi([ че 


09 09 Юр 08 06 Jor 0 


ЅЯМІЅ OIWHIIHV90'T 
AI TIVI 


[TABLE IV 


LOGARITHMIC SINES AND COSINES 


XII 


SHNISOO OIWHIIHVDO! 


6 


8 ih 03 409 


(0) ТР 19 БЫТ 2 от 0% 5% 


GIT ZOL OG LL $9 19 88 96 ет 
OGT 901 $6 08 19 60 OF LG ет 
YZL OIL 46 68 69 60 Т? 80 YI 
061 VIL 001 98 би LG 6Р 66 ТТ 
бот ӨТІ ТОТ 68 vA 69 vv 06 GI 


ВЕТ EZT 801 66 59 9v» 16 
EPT дот GIT 96 08 79 8% BE 9I 
бут сет 911 66 68 99 OG бе LT 
рот AST OGT EOT 98 89 14 FE LT 
бот GPL УТ 901 68 Т) 89 98 ST 


67678. | 66878. 76978. 99978. 26778. 80678. 178. 
ШЛ98. 97078. 91668. 18168. 6879886. 61068. 84688. 
81668. 69068. 90168. 80608. 08808. 16958. 14668. 
19968. 01%08. 690008. 90108- 88618. 66816. 76918. 
76918,6 670186 507186 7918.6 90118:6 19608.6 10808-6 


10808. 99908. 70008. 19806. 26108. 7008. 1886). 
18861. ТЄб. 64964.  чТУбЬ. 99564. 96064. 7568!» 
76680. 58. 6098. 697981. 0958. 6118: 97611. 
QPGLL. ӨМ. | 60911. 6876. 89611." 060. 00691. 
5569.6 17191:6 5199.6 9669.6 8159.6 68096 6489/.6 


69892. 8190). 96791. 81891. 80141. 6767). 90% 
9917). 89974. GLEFL. O8TPL | 16661. 4086).  TI96L. 
Т198). 91561. 61661. 06081. 89861. 6096). TPZ). 
TOPOL. 81661. 1000. 60811. 50911. 8661).  Р8ТТІ. 
Ф8ТІ/.6  Є1601.6 190.6 LPGOLG ©6606 GIIOL6 16869.6 


GOT LPT бот OTT ті GG 16 
біт EST PST STL 96 91 ла 88 61 
BLT бот 661 611 66 6L 64 OF 05 
98Т GOT PPL PST GOL 58 09 ТР 16 
EGT бит OST GGT 98 49 67 00 


100 GLT OST FET 68 19 9? 
OIG 98Т бот OPI LIT $6 OL 1% 85 
GIG гот OLT OPT 001 LG EL 67 FG 
655 805 BLT бот 101 GOI 9» 19 95 
685 616 98T OST 9от 08 89 16 


16869. 969. 99769. 76569. 01069. 78189. 29689. 
19999. 86889. 86089. 99819. 86919. 865619. 1919. 
19119. 55699. 58999. 17799. 16199. (00659. 90/89. 
50109. 99799. 90589. 60679. 86979.  бУРУ9. 8119. 
увтро.6 %0669.6 09969.6 86589.6 8169.6 69869,6 9909.6 


095 000 46Т 99T ТТТ 88 99 
290 866 706 FLT 97Т ӨТІ LE 89 85 
GLG $75 PIG EST SGT бот 96 19 18 
685 195 900 GGT TOT вот 96 79 06 
POS OLG LES 606 GIT GET ТОТ 89 76 


96959. . 86659. 67059. 81119. ТӨРТӘ. 71619. 18609. 
18609. 97909. 864809. 01009. 81169. 98769. 88169. 
88169. 68889. 98989. 78689. 81619. 69929. 89619. 
898619. 77029. 16199. 80795. * 98099. 19/98. 898790. 
$8799.6 50199.6 69179.06  ЄЄРРО.б 6079.6 19/89.6 507856 


XIII 


TRIGONOMETRY 


[27 
т? 
9? 
87 
03 


59 
99 
19 
64 
19 


59 
од 
89 
[UA 
6) 


9) 
84 
18 
78 
18 


96 
86 
07 
187 
8? 


9% 
1% 
6? 
09 
59 


79 
99 
89 
09 
59 


99 
19 
[UA 
[2^ 
т 


08 
58 
55 
78 
95 


18 
68 
ТР 
6? 
yy 


9? 
1? 
67 
09 
59 


79 
99 
89 
09 
59 


75 
95 
95 
16 
66 


08 
18 
58 
78 
96 


95 
15 
68 
ОР 
GP 


87 
GF - 
9? 
37 
09 


8I 
6т 
05 
T6 
66 


$6 
85 
75 
95 
95 


46 
85 
65 
08 
18 


56 
78 
96 
98 
18 


86146. 60996. 
99896. 57596. 
89676. 4 89876. 
56976. 83776. 
88І?6.6 51176.6 7070.6 


89166. 08986. 90966. 
10866. (08666. #9186. 
67806. 89166. 68966. 
65806. 11666. 76166. 
19816.6 GLLT6-6 989Т6.6 


98616.  ТРОТ6. 80116. 
96206. 70406. 11906. 
38606. 68106. 87006. 
89968. $79868. 99768. 
03068.6 87688.6 77888.6 


95788. 61688. 01088. 
81118. 89918. 19918. 
10118. 86698. 64898. 
$1793. 76698. 92198. 
56998.6 TLSS8.6 8?798.6 


67996. 
61196. 
86276. 
06876. 
02656.6 


58986. 
11066. 
50956. 
IIIG66. 
66916.6 


69016. 
81606. 
17668. 
79608. 
17288.6 


90188. 
97748. 
59298. 
99098. 
%0528.6 


38796. 
91166. 
LTLYG. 
16676. 
86866.6 


13786. 
66656. 
56956. 
16056. 
61916.6 


81606. 
75706. 
67868. 
79568. 
98988.6 


96618. 
78848. 
17998. 
96698. 
00698.6 


10796. 
53096. 
09976. 
59576. 
90866.6 


08666. 
T6666. 
17766. 
57616. 
9016.6 


19806. 
06606. 
59168. 
59168. 
T6988.6 


18818. 
T6618. 
05298. 
91808. 
71098.6 


99626. 
88676. 
56976. 
58176. 
50.66.6 


10666. 
57856. 
62606. 
19816. 
96616.6 


96106. 
98606, 
58968. 
02068. 
€6788.6 


84418. 
40148. 
81798. 
86998. 
67678:6 


ah 


9 


42 


І? 


5 


S9ouo19gtqp тор 


409 09 407 


SNIS OIWHLIHVOOT 


408 


406 


OT 


0 


[ TABLE IV 


LOGARITHMIC SINES AND COSINES 


XIV 


5441509 ОТИНІТЧУЮОТ 


в 0? 09 09 


00000.01 


00000.0T 00000.0T 66666. 86666. 16666. 96666. 66666. 

ШУМ 14 52 TET qe dü и КО. 86666. 16666. 88666. 98666. 58666. 81666. 71666. 

65 “Ты 2) „ВЕ Gin бо Т 74666. 69666. 79666. 69606. 89666. 17666. 07666. 

Ад 70 92 58 548 019 051 07666. 78066. 95666. 61666. 11666. 80666. T6860. 

OB 4 M 9 {4 5 76866.6 98866.6 91866.6 99866.6 99866.6 9866.6 76866.6 
1” Or Qr бб 00200004 76866. 80866. 21866. 00866. 18166. 91166. 19166. 

eu tas ок 19166. 87466- T6160. 00166. 90/66. 06966. 41966. 

“ТІ ӨТ eO T OL 8 1 6 8 6 91966. 09966. 67966. 15966. 01966. 6966. 01966. 

At 9T ӨТ ТІ OL 8 9 у» 6 91966. 19066. 66960. 05966. 10966. 08706. | 59766. 

Өз Tie Que cuu 9 б) 02 З 59766.6 57766.6 16766.6 00766.6 61866.6 19866.6 G6600.6 
1б 6I сад 2 а fà 36866. 61666. 00066. 19066. 65566. 61066. 96166. 

$6 16 a pi Gs Я 96166. 02766. 7166. 61166. 66066. 19066. 07066. 

96 66 05 мм IT 8 9 $ 07066. 81066. 98686. 89686. 06686. 10686. 51886. 

16 v6 16 81 т 616 9 Є 51886. 67886. 81886. 68186. 89186. 55186. 06986. 
08 95 86 OG LT ST OI 1 6 06986.6 69986.6 16986.6 %0%86.6 T9986.8 80086.6 %6786.6 
58 85 96 15 ST м ТІ L 7 76786. 09786. 90786. 16686. 90086. 05886.  т8с86. 
78 08 93 56 GI ST IL т $8680. 87686. 11086. 71186. 98186. 86086. 09086. 
98 06 86 75 06 OT ест 8 % 09086. 10086. - 586,6. 57616. 00616. 198/6. 15916. 
88 78 08 95 16 LI SI 6 % I68L0. 61116. 88116. 96916. 89916.  OTOL6. 19916. 
07 98 18 LG 55 ӨТ ST 6 7 19916.6 80416.6 6176.6 987/6.6 06846.6 77646.6 665/6.6 
бу 88 88 85 75 6I 77 6 9 66616. 659526. 90516. 691/16.  TITAO. 89046. 91016. 
Т? OF 78 66 сб 05 от OI G 31026. 99696. 27696. 89896. 81896. 19196. 11196. 
Lọ 6% 98 те 95 15 9T OT 9 11196. 99996. 71996. 59996. 60996. 99796. 0796. 
09 v» БЕ 88 85 бб м II 9 $0796. 67896. 76096. 07596. 98196. 66196, £1096. 
59 9% 0% 58 65 86 LT ст 9 81096.6 21096.6 09606.6 


50696.6 77896.6 9896.5 8696.6 


54а 


ХУ 


NOMETRY 


TRIGO 


[598 тов 18% TPS 106 
816 988 705 596 016 


968 598 806 795 056 
ST? TLE 966 8/6 585 


GPP 568 676 TOO 976 


| 697 LTP 496 818 195 
1003 977 688 966 6/6 

вед ӨЛ? OTF 698 665 
| 589 819 897 888 858 
| 969 799 767 057 796 


869 109 870 997 888 


| 644 669 909 619 587 
628 ©8 %89 989 887 


"8/1897. X 8014» 
(,2— „06) 309 Bor хо x wey 801 
[кенш ж jo pues 909 101 
"ојдтевобит вт 1019148) 
одоц Арх ов Кава ввопәдәрт(1 


618 9 A 
вәошэләп11 


бот 16% 08 07) 


891 901.78 67 
OLT бот 88 %? 
98T 681 86 97 
9ST Lvl 86 6? 


806 бот TOI 59 
055 LOL TII 99 
686 бит OST 09 
695 ?6Т 601 99 
586 STG TPE Th 


018 558 сот 84 


978 095 GLT 18 
168 656 дет 96 


? в б T 
пзәр 


10158, 61499. 01899. 
16989. 98589. 0,809. 
SATIS. 97109. 11809. 
78987. 08087. 559/7. 
0997.6 ТІ697.6 877.6 


©0867. 6567.  YBLIT. 
11966. 96166. 68985. 
98690. 19195. 05106. 
19108. 00100. 68718. 
49850.6 98196.6 96715.6 


65375.6 15886.56 08188.05 
1106Т.6 ОРТОТ. 9068т.6 
085716 7938Т.6 6066Т.6 
71050.6 89840.6 9190.6 
69700.6 08600.6 79988-3 


96Т76.8 9Т/206.8 68116.8 
Т97?8.8 01908.8 1908.8 
07612-86 $9769.8 91899.8 
80879.8 16909.8 '08697.8 
66175.86 65691,8 18990.8 


SINUDNVL OINHLIYVDOT 


А SISVL 


9167. 
69759. 
51867. 
OSELP. 
66бй?-6 


99S TF. 
35088. 
92078. 
97808. 
16193.8 


10855.6 
0991.6 
8?612.6 
99920,6 
89686.8 


86968.8 
67984.8 
60079. 
10877.98 
98076.4, 


статуа. 
16059. 
08767. 
$6997. 
90887.6 


[27702 
91918. 
PLESS. 
36106. 
98095.6 


81976.6 
11991.6 
9960т.6 
85970.6 
910/6.8 


$9618.8 
€6991.8 
60019.8 
68998.8 
OLFOL.L 


90176. 
90919. 
78697. 
76597. 
808687.6 


51699. 
60698. 
99666. 
96965. 


16989. 
82119. 
76987. 
09197. 
90867.6 


11908. 
95696. 
17158. 
39885. 


39895.6 58975.6 


E9105.6 116616 


8899Т.6 
17660.6 
19880.6 
4696.8 


87598.8 
56574.8 
88119.8 
88808.8 
8189Р.1 


'082?Т.6 
%1680.6 
59150.6 
96176.8 


79778.68 
07612.68 
80879-8 
56175.86 


oo- 


TS [TABLE У 


LOGARITHMIC TANGENTS AND COTANGEN 


XVI 


805 BOB LLI бот LET 
855 606 LLI BST LOT 
866 805 LAT ZOT LET 
666 705 8/Т 607 LET 
| 085 905 бит РОТ 807 


00000.0T 17166. 


065 905 OST QAT GZT 
785 805 681 991 OBT 
985 605 евт LGT тет 
885 615 GBI ват COT 


ТЕ вот бот TOI 5898.6 64098.6 1078.6 85976.6 


PYG LIG OGT бот OST 
L9G 066 сот 997 181 
195 655 961 LOT: 681 
| 996 156 86Т OLT ОРЕ 
096 тео 606 SAT FFT 


2ЮШ,6 9694.6 66791,6 TYIOL6 
99691. 69674. 61071. 


995 980 906 LiT LFT 
ILG 170 TIG ТӨТ TAT 
LLG 976 916 987 PIT 
785 600 165 067 897 
$65 095 866 SGT 891 


206 895 GEG 106 891. 
TIS. LLG BFS 806 ELT 
668 985 096 71% ӨЛІ 
888 960 695 566 98Т 
178 806 OLG Т80 867 


^^ 


9999.6 7099.6 96Т19.6 19899.6 


тет TOT 19 
SET FOL 69 
EFT LOT 5) 
SPE ТТІ РА 
PIT OTT Lb 


98919.6 7519.6 [8899.6 86799.6 10199.6 


XVII 


TRIGONOMETRY 


| 966 095 826 eot 901. 
785 896 106 OGT 89Т 
LLG 96 91б SST TOT 
TLG TPG 116 ТВТ IGI 
395 986 906 ЈАТ БРЕ 


09% 165 505 
995 56 861 
195 666 061 
LPB 086 BOT 
| 995 LTG O6T 


ӨЛІ УТ 
OLT GPT 
LOT 661 
GOT LET 
GOT 981 


Т7б PIG 881 
886 GIG 987 
986 006 $8Т 
785 806 ST 
666 906 OST 


09Т FET 
891 ZET 
LST TST 
991 OSE 
GST 65т 


901 851 
SST LOT 


085 906 бит 
656 706 HLT 


856 606 ШТ 
856 006 LLI 


GST LOT 
бот LOT 


855 006 LLI 69Т LI 


6 8,09 g9 
воопозецта 


OST 
961 
595 
oct 


66 
96 
t6 
06 


99 
69 
59 
09 


65 
58 
18 
08 


+ -acs = 
00% | 6168. 70600. 91768. 09156. 96918. ©0918, BETTS. 
008 | CSTIS. 69808. $7508. 90006. 11665. 96965. 68665. 
о/2 | 83565. 51685. 19985. 59885. 97088. 88110. EPL. 
«806 | 557,6. 86116. 95896. 76096, > 80096. 86699. 90995. 


99885. 
| 86102. 
0705. 
ӨРӨТ. 


$9885. 
488196. 
07105. 
02787. 


91655. 
[duran 
09861. 
16181. 


98625. 
89016. 
T8961. 
BG6LT. 


26955, 
38605. 
$0661. 
SP9LT. 


60755. 
80406. 
9006Т. 
PLELT. 


86106. 
16706. 
5227216 
TOTLT. 


ТОТАТ.ОТ 6689Т.01:89%9Т.07 28091.0Т 9TO9T.0T 97191.01 11791.01 


ет. 
FLEET. 


богот. 
ЗНА 

8651. 96087. FOLIT. | БОСТІ. ТТТ. 
67101. 68701. 66101. 65660. 08960. 
Є9ТБО.ОТ €0680.0T ІРОВО.ОТ ОБЄВО.ОТ GEISO.0T 


Т?6?Т. 
??Б8Т. 


€197T. 
6LOST. 


90??Т. 
9182ї.. 


(14844 
69967. 
08607. 
55760. 


61910. 
78090. 


59810. 
65890. 


90720. 
72880. 


09890. 
61890. 


76990. 
99090. 


66690. 
01870. 


71881. 
68061. 
6TLOT. 
89160. 


51820.01 619/0.0Т 


28090. 
929070. 


98970. 
76080. 


50870, 
18460. 


87070. 
85950. 


96/60. 
34550. 


17680. 
55050. 


88550. 
69210. 


75060. 
91610. 


91910.01 595Т0.0Т ТТОТО.ОТ 89100.01 90900.01 89200.01 00000227 


SINUDNVL OINHLIYVDOT 


SINJONVIOO OIWHLINVOOT 


'о[аүввойш st uorysmqvy 
WI 0191 fppiduz ов Arva Soouer)glq тт Быт pra 
1680.11 $86/0.1T <0840:11 


$0890.ТТ 68/870.ТТ 18650.71 27910.11 88800.11 01006. 89816. 

80816. 66996. Ыл. 70876. 05080. 57166, 98016. 
6/8 09) $ ? 665 дот 86 98016. 60006. 77068. 19098. 160/8. 9РТ08. 05598. 
614 669 НН m uU 095 SLT 18 05048. 51878. 66768. 09058. $96918. $9808, 67008. : 
969 T89 974 097 886 886 991 8), 65008.07 81562.01 55782.07 689Ь.0Т 0189/.0T 6119/01 89691.01 | 


NGENTS [TABLE У 


9 707 057 $6 GIG IPT Th 99891. 4807). 716860. GOZEL. FOMA- тети. «ӨТТІ. | 
oa Ка 424 ae ee FOL 661 со SETTA. 99704. 40800. %6769. 11989. 88/9, 60000. 

889 82% GIF 698 665 біл OBE 09 80019. 06999. 95099. $6799. 06870. . 79969. i 
009 977 688 788 8/5 LOT TIT 99 70989. 76089. 76059. <9619. ТТӰ19. 

697 LT? 998 816 19б 991 TOT 59 80609.0Т 88/69.0T 89669.01 $8199.01 91084 


BHP 008 876 706 496 191 86 6? 96129. 76100. 10/04. 61066. 
BIF TLE 906 8/6 086 GSI 66 97 03579. 90889. 07859. 8169. 
968 598 808 790 066 GET 88 tF 02509. 85109. 68957. 
818 988 76б боб OTS 961 78 6? ч 87917. 

898 106 135 тро 105 Tot 09 Of 


LOGARITHMIO TANGENTS AND СОТА: 


278 808 0/6 TSG гот ЭТТ LL 68 $6885. 50987. 6ТТе?. TO6Iy. 58917. 
888 960 680 ZEG SST ТТІ РІ 18 58917. 90517. ©6807. 75468, 69668. 
обе 986 195 PTG BLT LOT GL 98 69668. 96688. 98988. 19918. 91616. 
ТІВ LLG бро 805 ELT FOT 69 95 91018. 49896. 91098. 01198. 88798. 67162. 
308 896 965 TOZ 891 FST ТОТ 19 Fg 97198.0Т $0878.0Т “9776.07 08178.01 9628.07 89788.07 66166.О1 „69 


XVIII 


“ 


-x130NOMETRY XIX 


SOME © SFUL CONSTANTS 


Опетай. .-=5\° 17! 45" nearly — 206265"; 
` log 206265 = 53144955. 


л — 814159265... 1 = 031830989... 
4/2 = 1:4149135-- „/8 1718920508... 
4[5—2:9360679... . ./6=9'4494897... 
AIT = 976457518... /8 = 2:8984971... ` 


4/10 — 3:1692776... 


SOME USEFUL LOGARITHMS 


log 9-- "30103 log 3= 47712 
log 669897 log 7 ="84510 
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